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The de gn of notched members by structural engineers has b come 
a practiee that is now being employ d more frequently than in the past. 
Thi is p tioul.arly t.rue in the aircraft. m1 aile, automobile and 
shipbuilding industries where avail hle space is neo·es.sarily a minimum. 
Some form of notching is fr quently incorporated into the design of 
a structural member to allow the paasage of electrical wire bundles, 
h1'draulic and air conduits or other structural members. Frequently a 
notch or o tout serve& as a lightening measure or as an inspection 
aecesa optH1ing. Noteh d members are also finding n increased appli­
cation in th. building industries £or various structural. space 
t1tiliza tion and · · sthetie reasons. 
The determination of the elastic stress distribution in notched 
structural me bers i important because the introduction of a notch 
gen rally has the effect of subjecting the member to a. situation of 
high combined stresses. This is especially true in the notch vicinity, 
en for v ry simpl loading conditions . 
An analysis of th lasti stress distribution in structural 
members is of particular importanc bee us �t is th first step in 
the i.nvestigation of the critical buckling loads. 
2 
Object and Scope of Investigation 
The primary objective of this investigation is to obtain elastic 
stress distributions in rectangularly notched structural members ,. 
employing the finite difference method and electronic computation. 
The objective also includes principles of photoelasticity in order to 
substantiate some aspects of the numeric l analysis. The solutions 
presented in this work will provide a valuable source of information 
for future investigators who seek ·olutions to similar problems. 
The structural members investigated are either plates or beams 
with rectangular notches. However, the methods of analysis developed 
in this work apply �redominantly to thin plates. 
The stress distribution analysis consists of computing the nor­
mal stresses acting in the X and Y directions, the shearing stress 
acting on a plane normal to _the X-axis and having its direction 
parallel to the Y-axis, the major and minor principal stresses and 
their orientations with respect to the X-axis. The above mentioned 
quantities were computed at individual points throughout the section 
for the separate conditions of pure compression and pure moment. 
The finite difference computations were carried out with the 
aid of an electronic computer progr 1ed in the Fortran II language. 
The computer output was programmed or an accounting machine in ord r 
that the results may be shown on the actual plan shape of the 
particular structural section under consideration. This permitted 
3 
tress contours to be drawn wi thi.n the outlines of the section. Some 
v rification of these stress contours was att mpted by obt ning 
photo phs of a photoel stic .odel subject to a condition of pure 
moment, 
Previous Investigations 
Many reports are available which discuss the elastic behavior 
of various structur 1 sections containing cutouts or access holes of 
different shapes;- (J:J}, IJ.iJ and t_2i7.• There has also been consid­
erable wor investigating the effect ·of inelastic action on th 
r sistance of structural me bers with cutouts, subjected to different 
types of loads (J.1fl.. Some investigation of stresses at web cutouts 
h s al ob en accomplished by photo lastic ethods tJ.rjJ. 
The dimensions of the example problems treated in this work 
identical to one investigat d, only for a pure moment condition, by 
l 
Pyka. Pyka mployed the method of "successive rel ation" of joint 
fore s wher the surface of the section wa replaced by 5 X 5 id 
system. Th maxim principal stresses were calculated statistically 
one the joint forces had the required equilibrium. photo elastic 
alysis indicat d that th analytical and photoelastic r sult agreed 
thin about twenty percent. 
*Numbers in square bracket r fer to ibliography entries. 
l L. E. rinter. urnerical .1. thods of alysis in ngineering, 





investigated the elastic stress d'stribution in and 
buckling characteristics of the webs of cast llated steel beams using 
the finite differences and electronic computations. The results 
indicated that the elastic stress distribution wa accurate for the 
relatively fine m sh employed (18 x 10). 
Several previous investigators employed the method of finite 
differences successfully when investigating stress distributions in 
deep beams.3•
4•5 They concluded that the results are excellent as 
long as a relatively fine mesh is employed. 
The results of the deep beam stress distribution analysis men­
tioned above indicated that the agreement between the finite difference 
method and a more accurate stress function solution in a closed form 
is good, even for a relatively coarse mesh.
5 In the above case the 
error involved for an 8 x --8 mesh was six to seven percent when 
computing the normal stresses � and °' . This m y be reduced 
X y 
2z. Shoultry, "Elastic Flexural tress Distribution in and 
Buckling Ch acteristics of the 'ebs of C stellated teel Beams" 
(unpublished Doctor of Philosophy thesis, he University of issouri, 
Columbia, Missouri, 1964), P• 93• 
3L. Chow, H. D. Conway and G. Winter, "Stress in Deep earns," 
Transaction, American Society of Ci il gineers, Vol. 1 , 1 963, 
P• 686. 
4
F. er, "Stress s in eep B ams," Journal, 
Instit t , Vol. 56, 1 960, . p. 6.51. 
erican Concrete 
5H. D. Conway, L. Chow and G • •  organ• 
0Analysis of Deep 
Beruns, n Journal 2£ pplied eohanics," Vol. l.8, 1951, P• 686. 
.5 
to approximately two percent if a finer mesh (24 x 24) is used.
6 
The 
error in the shearing stresses, computed by finite differences, is 
somewhat larger� 
6 R. N. ·te, and w. S. Cottingham, "Stability of Plates Under 
Partial Edge Loadings, " Proceedings, American Society of Civil 
Engineers, Engineering Mechanics Division, No. 3297, Vol. 88, 1962, 
P• 71. 
Choice of Analytic 
CHAPT II 
ELAST C STRESS A..LYSIS 
ethod 
In the stress distribution analysis of a thin plate, wher th 
dimensions of the plate ar given in Cartesian Coordinates, the id al 
method of solution is to obtain an exact evaluation for the function 





+ 2 c) ¢ 0 (1) 4 '9x2 c)y2 •• 
o)y
4 dx 
wher ¢ is the stress function. 7 At any point on the plate, the 
stress function value can be thought of as an ordinate originating at, 
and perpendicular to, th plate surface nd extending parallel to an 
agin y ¢ -axis of the plate. en connected by a series of lines 
at the top. th stress function ordinates can be aid to form a smooth, 
undulating surface above or below the plane of the plate depending on 
whether the ordinat s are positive or negative. 
If equ tion (l) is satisfied for all points ithin the outlines 
of the plate, t�e stresses can be comput d from the stress function 
accordin to the equations: 
7s� Timoshenko and J • •  Goodier, Th ory £!. Elaaticitl, econd 
Edition, �cGraw- ·11 Book Comp y, Inc. ,  New York, 1951, p. 26. 
8�., P• 26. 
and 
where 
er- = str ss in th X direction. 
o-- = stress in th Y direction. y 
'xy _ hearing stres at any point. 
Struct al sections inv stigated by the above method ar 
7 
( 2 ) 
(3 )  
( 4) 
r f rred to a "boundary value problems" bee us the boundary values 
of ¢J C b c culated from lo ding conditions a plied at the bound-
of the s ction. As s en above, the solution of boundary valu 
problems employing the stress function requires .the solution of partial 
differ ntial equation , namely th bi monic uation (1) d th 
stre quations (2 ), (3 ) an ( 4). "Onl in th cas of simple 
bound ie can thes qu tions be treated in ri orous m er. "9 
For th problems tre ted in this inv stig tion, the bove differ ntial 
quations cannot b solved in a cl sed fo so an pproximat method 
of solution must be employ d. This approximat solution was pr ferred 
to be the method of finite differences because of its simplicity, 
9 
�- , p. 461. 
ability to handle general boundary conditions and adaptability to 
electronic computation. 
Plate Stress Distribution 
8 
As the finite difference method was employed in this investi­
gation, the first step was to replace the surface of th plate by a 
' mesh or lattice system of individual nodal points. The next steps were 
to calculate the stress function boundary values and the assignment 
of an initial stress function approximate value for each nodal point 
wit · n  the boundary. 
The finite difference method esentially approximates partial 
differential quations by linear algebraic equations in the form of 
"operator molecul s. "* Where a mesh system of individual square 
lements is being consider d, the op rator molecule for the b " harmonic 
quation (1) is : 
4 
\} ¢ = _/_ 
h4 = O  (la) 
•see ppendix • 
wher "h" is the mes . 
1 0  
spacing. 
9 
ih n appli d at ach nodal point of th mesh, the biharmonic 
op rator molecule yi lds a system of linear algebraic equations in ¢ 
w · ch replaces the continuous bih onie equation (1). Solving these 
equations imultaneously yields the approximate value of ¢ at each 
of the nodal points. 
Knowing the final valu of  the stre s function at each point of 
the mesh system , the str sses can b dete in d. Th expressions for 
th tr s components and their finite differene oper tor molecules 
ar as shown below. 1 1 
lOibid. ,  P • 489. 







d • Woinowsky- ieg r, Theo2 of lates and 
cGraw-Hill Book Company, Ine. , �w York, 1959, 
1 0  
4h
2 (4a) 
The above stress molecul s are employed by first locating each 
molecule central value over each nodal point. The next step is to sum 
algebr cally the te s resulting from the multiplication of eaoh 
molecule by its corresponding stress function value. In this manner 
each stress olecule yields a line 
val.ue. 
algebraic equation for the stress 
After the stresses er- , C?- and '-xy ve be n comput d, th X y 
principal tr ss s and their directions can also be comp ted. The 
equations for the major and minor principal str sses and their 
directions 1
2 






2 y + 
v � - c7' 2 





c:;:,,-... + c::-. - V ( =-- x X y 2 
-2 -r-
2 g = xy 
c;;:,- _ c:;::,-.  
X y 
12seibert ai an and Chester • 
















= the major principal stress 
0"'
2 
= the minor principal stress 
<9 = the angul r orientation of the principal stress 
axes with respect to the X-axis. 
11 
l of the pertinent finite difference operator molecules and 
principal stress equations were computed electronically, using the 
electronic computer available at South Dakota State University. 
There is now ·sufficient information available so that the first 
el stic stress distribution problem can be illustr ted. 
CHAPTER III 
THE FULL PLATE C MPRES I N R BLEM 
PL - TE A 
The following analysis applied predominantly to plat s but there 
is some application for sections of beams . 
The G neral Boundary Stress unction Equations 
Consider a rectangularly notched structural member subjected 
to a condition of axial oompr ssion as shown in Figure l. 
_ c::r,..n -� 
Syn1. A W  . 
f� 
-
Fi e l .  Th ull Plate ompression Problem 
reliminary inv stigations hav shown that such problem should 
be solved by considering one-half e plate and calculating the stres 
along th e nterline of the member as hown in Figure 2. 
The tre s distribution t the plate eenterlin can be oalculat d 


































P = 2R °' t  n 
= (T + V)t 
M = 2R a-.. t ( R ..,. T + · V ) 
n 2 
T + - V  e = 2 
I (T + V )  t = 12 
14 
( 8 )  
(9 )  
where 0t tt is  taken as  the plate thickness. This problem is concerned 
with a tension-compression stress effect at the plate centerline.. The 
location of the neutral axis can be determined from the relationship 
- °' 
T = (T + V )  
r 
- 0--.. - C7""-r m 
(10 ) 
Knowing the proper stress relationships, the general boundary stress 
function equations can be written. 
ong the boundary H the e acts the uniformly distributed 







quation (ll )  t ic " th eot to , 
¢ = -




(12 )  
(13 ) 
t of in egr t o  c1 d c2 c b t k n  rbitr ily 
ua o nt i 
As he boun 
n th X r c io , 
e · t  r 
¢ c, + 4 
r,  on th 
0 
C 
ti or r r nc int for ¢ 
no 
ct to x ,  
H ( x  0 ) , 
bj ct  to 
i t 
ur co pre v 





Then, at point A (x = O, ¢ = O ), 
long the surface B-H shear stresses vanish, so 
= 0 
16 
It can also be shown that the constants of integration are equal to 
zero. 
Along the boundary surface B-H, as all constants of integ ration 
have been r duoed to zero, equations (12) and (13 ) become, 
and 
¢ =  -




The stress function values can be determined at points B and H 
by substituting into equations (14) and (15). 
t point B, 
(14a) 
and 
¢ = - (15a) 
At point H, 
and 
¢ = -
= - c,-.. R n 
17 
( 14b ) 
( 15 b) 
Equation (14) shows that the slope of the stress function vari s 
linearly with the distance from the neutral axis. Equation (15)  
indicates that the stress function is second degree parabola. 
There ar no normal stresses applied along the boundary H-G. 
Therefore, 
= 0 






But , at point H (x  = O ) , 
= 0 
so 
(16 )  
( 17 ) 
( 1 6 a )  
18 
For the boundary - , equation (l? )  simplifies to the expression, 
= th valu of ¢ at point H fro equat on ( 1 5,b) . 
, Then, a t  point G • 
and 
(1 ) 
o>� = 0 ( 1 6a) 
o>� = - c:,,--.. R 
d Y 
ft 
{ 1 9 ) 
= th am v ue as for point H from equation ( 1 4b). 
Simil ly, for th lin c ,  
:: 0  
¢ = a constant _ 
( 1 6a) 
Th n t point C ,  
C7°' 
R2 
n = - --2-
= th 
{ 1 5 ). 
( 20 ) 
v lue for ¢ as at point B fro equation 
19 
Al o 
c;>e!_ :: 0 
oJ x  
d 
°'i = - e7-- R (19b) 
o) y 
n 
= the same value as for point B from equation (14a). 
The above analysis indicates that the values of the stress function 
for urfaces H-G d B-C constant and equal to the stress function 
value calculated for points H and B ·respectively. 
Along the urfaoe G-F, s there are no stresses applied, 
a2
¢ 
--- = 0 
c) � 2 




Y + c8 
ut . at point G t 
0 
- C7"-- R n 
c
7 
= - °' nR 

















Th refore , eq tion (21 ) become , for the boundary G-F , 
R
2 
°'n ¢ = - °'nR y + 2 
Then, at poin F , 
d 
¢ = -




( 22 ) 
(l9e ) 
( 23 ) 
There are no stresses applied long the boundary F-E. Ther -
fore , 
Int grating twice with respect to x 
and 
o)¢ = c9 d X  
� = c9 x 
+ 
c10 
o ev r, at point F, from a continuation of equation (16a) along the 






= the same value as for point F from equation (2 3 ). 
So, for point E , 
Th n •  
Th 
= 0 
- c;r-.. R n (19f) 
= the same value as for point F from equation (19e ). 
bove completes the boundary tress function e uations for 
one-half the pl te . The stress function boundary values for the left 
half of the plate will be identical to those for the right half bee use 
of symmetry . 
For this problem , where a tension-compression ffect eY..i ts 
along the centerline of the plate , C7'-. equals zero at som point D. 
X 
Then , ong the surface D-C , 
(25)  
Int grating twice with respect to s , 
,;;rJ c:;;,- m  c::::,-. s + ell 2V 
and 
c::::,-.. c:::7--- n  6
3 
= + Cll
8 + Cl2 
6V 
wher the constants of integration, c 1 1  
22 
( 26 )  
( 27 ) 
d c
1 2
, can be evaluated from 
the known value of �1 and ¢, r spectively, t point C. 
For the surface E, 
- c:::,,....  c::::,-... ·  s 
r n = ----- (28 ) 
Int gr ting twice with respect to s ,  
and 
o>¢ c::::-. r c:::-. n 
s 
= -
d S 2T 
== - + 
6T 
+ Cl3 ( 29 )  
1 3  ( 30 )  




, c be  evaluated fro 
the known value of it at point E d the known value o i;z5 a point 
D, respectively. 
s this alysi deals with �he full plate section, equations 
( 27 ) and ( 30 )  should b mploy J only to calculate values of the stress 
function for the points immediately outside th bound ry oints C and 
E. 
23 
Stres Function Values Outside the Bound i 
The bih rmonic olecul ust b applied to the interior points 
adjacent to th bound y. Cons qu ntly , values of the stre s function 
ust b xtrapolated for ;point immediately outsid the boundari s. 
Th se points, outsid the bound ries, e also employed for co puting 
d ?-' when the stress molecules ar pl ced on th 
xy 
bound y pointa . 
The nee ssary values for the tr ss function outsid the bound� 
ary B-H c be taken . identical to the v ues on the boundary. This 
assumption is valid because the member can be thought of as a 
continuous plat or a section of a eontinuou be • 
For the line C , the value beyond point B can be determined by 
extrapol tion of th second d gre parabola aiong -B and the valu of 
th stress function beyond point C can be obtained by extrapolation f 
th cubic parabola ong C. This method has proved to be a ore 
r ali tic ppro ch than keepin th stres function alues, beyond the 
boundary C, equal to th v lue determined imm diately outsid point 
B. 
For the ound ry H-G, th stress function value beyond oint H 
c b d t rmined by extrapol tion f the econd d gree parabola ong 
-H. The stres function valu eyond point can be obtai ed fro 
th extr polation of the linear function along th boundary F-G. 
For the surfac G-F, th stress function values outsid th 
boundary can be taken qu to those on th boundary� 
The stress function value immediately beyond point 
extrapolated from the cubic function along E. 
can be 
24 
The values for points immediately beyond boundari�s B-C, H-G 
and F-E can be determined on the assumption that the values of the 
tress function between each two end points vary linearly • .  It is 
realized that this assumption ie not consistent with th assumed 
stresses on the boundarie . The rate of change of warping, a.long the 
above bound ies, varies slightly due to th existence of the notch. 
he inconsistency involved in a linear assumption does not have an 
appreciable effect. 
The Computation Method 
he general equations and conditions for calculating the stress 
function values for the boundaries, and the points immediately beyond 
the bounda�ies, are now available. The general boundary equations hav 
b en developed for a combination tension-compression effect at the 
plate centerline. Specific problems can be solved, using the gen ral 
equations, by introducing constants for the variable plate dimensions. 
In order to illustrate the full plate compression problem , a 
particular example (Plate A)  problem was worked. The computed values 
e shown in ppendix fter th � equations for the boundary stress 
function alu s were obtained, the surface of the plate as replaced 
by mesh or lattice system. The stress function values were calculated 
for each discrete point on the bound ies. The stre s function valu s 
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immediately outside the boundaries were then determined. The next step 
was to assign an initial stress function value for each nodal point 
within the boundaries, At this stage eac·h nodal point had a stress 
function value and this information was taken a.s computer input. 
The full plate computer programs and flow diagrams are shown 
in Appendix B . The complete program was broken into pass one and pass 
two because the complete program, in one part, exceeded the 40,00 
available units of core storage. 
An examination of the pass one program, or the flow diagram, 
will show that the program employs an iterative technique to satisfy 
the biharmonic operator molecule. The biharmonic molecule was 
continually swept over the surface of the plate. The existing stress 
function value, at each nodal point, was replaced on each sweep by the 
computed value. Using this iterative process t the stress function 
values inside the plate boundaries were "forced" to converge to suit­
able values dictated by the stress function values on and immediately 
outs�de the boundaries, which do not change . As the iteration process 
converges, the biharmonic molecule becomes more nearly satisfied at 
eaeh nodal point within the domain. That is, the residual for each 
nodal. point interated approaches zei·o. 
In Plat A (example given in Appendix A)  there are 279 nodal 
points within the domain . The machine time required for one iteration 
cycle over the entire plate was 85 seconds. The total amount of com­
puter time which was necessary to approximately satisfy the biharmonic 
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function a seven hours. The maxim difference between any two 
aucoessive iterations gave a maxi um error of 0 .047, which was con­
sidered satisfactory. If the computations ere done by hand or even 
with a desk e oulator, this accuracy 'dould have never been obtained 
except after sever l months of continuous work. 
CHAPTER IV 
THE FULL PLATE O 4ENT PROBL 1 
PLATE B 
The m mber treated in this section, Plate B, has the same 
general outlines as Plate A. The only change is the condition intro­
duced at the boundari s. 
The General. Boundary Stress Funetion uations 
The r ctangularly notched struct ural member, shown in Figure 3, 
is subject to a stress condition hich approximates a condition of 
pure rnomen t •. 
- <==n  
Figur 3. Th Fu Plat Moment oblem 
Similar to Plat , it was pref rred to consider one-half the 
plate where the stress along the centerlin was calculated as shown in 







Figure 4.  
Boundary Stress Relationship 
Plate  B 
� 
F 
G - c:7-,17 rv 
ex, 
29 
introduced on the section boundaries causes an qual moment at the 
centerline of the section. 
Then, 
( 31 )  
and 
( 32 ) 
where "t" is the plate thickness. Knowing the proper stress relation­
ships, the general. boundary stress function equations can be written. 
Alon the boundary H there acts a triangular stress distribu-
tion where 
c;,--.. = 
X = ± {33) 
The sign depends on whether the b�undary condition is positive or  
n gative . Integrating el{u.at.ion (33) twice with respect to y, 




+ cl Y + c2 
= 
6R 
( 35 )  
Then, at point A ( y  = 0 ) , 
°'� = Cl 
o> y  
and ¢ 
= c2 




can be taken arbitrarily as 
zero because point A is a reference point for ¢ and 
As the boundary surface H is subject to normal stresses only , 





Employing a method of analysis similar to that used for Plate , the 
constants of integration , for the above two equations t can be taken 
as zero. 
For the bound y surface H, as all constants of integration 
have bee� reduced to z ro, equations ( 34) and (35) are reduced to , 
o)¢ t:7'- nY 






It is more onvenient to assign tw constant values , K1 and K2 , for 
the constant qu titi 
Then , 
in eq· , ions (3 7 ) and (36) , respectively. 
( 38 )  
and 
e::::-. n  - = K 
2R 2 







(3 9 ) 
( 40 ) 
(41 )  
The signs in equations ( 40 )  and (41) depend upon the boundary condi­
tion. Equation ( 40 ) indicates that the slope of the stress functio 
i a second degree abola and equation ( 41 )  shows that the stress 
function is a third degree parabola. 
The stress function and slope can be obtained at points B and 
H by substituting into equations ( 4o )  and (41 }. 
At point :e, 
cJi 2 
a y  
= K2R ( 40a)  
and 
¢ = IS_R3 (41a ) 
t point H, 
o)i = .. K R2 
cl y 
2 ( 40b )  
and 
¢ = - �R3 ( 41b ) 
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For the surface B-C, there are no boundary conditions applied. 
Then . following a procedure similar to that used for Plate , the 
values of � � and ¢ are constant along C n id ntical to the 
valu s obtain d at point B. 
Then , at point C , 
o)i 2 
o> y 
= K2R ( 40a) 
and 
¢ :: IS_R3 ( 41a) 
The values of ;;;¢ and ,I. are constant along H--G and 
� y � 
identical to the values at point H. 
Then, at point G, 
= .. 
and 
(4oc )  
( 41b ) 
There no stres es applied along the surfac G-F. Then, 
= 0 
Inte ting twice with respect toy, 
and 
( 42 )  




= • K2 R 
Equation (43) simplifies to the expression 
<'? = K2R
2
y + C4 
But, for point G, 
so 
and 
Therefore , equation (43) becom s , for the surface G-F , 
¢ = - K2R
2
y + R3 ( K2- is_) 
Th n, at point F , 
:: -
and 
There ar no stresses appli 1 to th boundary F-E. 
a procedur simil to that us for Plate , the values of 
¢ remain constant at th values obtained for point F. 
Then , at point , 
= -
33 
( 40c ) 
(41 b) 
( 43a) 
( 40d)  
{ 44) 
ploying 






The above compl tes the boundary stress unction equations for 
one-half the plate . The stre function boundary values for the left 
half of the plate are identical to those for th ri ht half because of 
, symme try. 
For this problem, where a tension-compression effect exists along 
the centerlin of the plate, �  equals zero at some point D. Con­
tinuing at poi t D, it i noted that a triangular s tres distribution 
exists her 
= ± 
C7"'-- s m (45) 
The sign is gov rned by whether the bound y condition is positive or 
negative. Integratin equation ( 4 5) twice with respect to s, 
and 




= ! --- + c
5 
2T 
¢ = :!: --- + c5s + c6 6T 
surfac H, 





( 46 ) 
( 47 ) 
( 38 )  
(39 )  
Therefore, as e>-- can be assigned any convenient value , n 
d 
c:;,,.. n  c::::- n  
i<i = - = -6R K
3 
e>-- n  � n  
K2 = - = -
2R K4 
Similarly , along side C-E, 
and 
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( 4 ) 
( 49) 
( ,50 )  
(51) 
As the constant � , for boundary B-H, may be assi ed y convenient 
V ue and as � can b norm ized to unity , n 
c;;,--m 
� 




c;,-. - - 3 m 
6T K5 




Therefore, along the surface C-E, employing equations ( 4 6 )  and (4? ) , 
:: + ( 46a) 
and 
{ 47a) 





can be evaluated from the known values of o>¢ and ¢, respectively, 
a y 





�¢ valuated from the known value of 
i5J 
y at point E and th known value 
of ¢ at point D, respeeti vely. As thi s  analysis deals with the full 
plate section, equations (46a) d (4?a) should be employed only to 
calculate valu s of the stres function at the points imm diately 
outside the boundary points C and E. 
The str s function boundary values can be calculated for a 
particular example proble b using the eq tions given above. he 
stress function values outside the oundaries c be dete ined by 
li e extrapolation between th points beyond the boundary This 
manner of calculatin th stress function values outsid the boundaries 
is nearly identical to th· t employed for Plate • 
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In order to illustrate the full plate moment problem, an 
example problem (Plate B) was computed using the full plate computer 
programs listed in Appendix B. The computed results are shown in 
Appendix . •  
CHAPTER V 
THE HA l? TE PRO L S 
ccuracy Considerations 
Up to this point, the two probl ms computed are the full plate 
compression and moment problemo. hese computed problems are shown 
as Plate and late B, respectively, in pp ndix • study of the 
above two num rical examples seems to indicate th t although the 
results are logical and helpful, the accuracy should be improved. The 
most pr ctical method of obtaining more accurate results, in regard 
to the finite diff rence ethod, is to decrease the distance between 
the lattic points. It c b sho that the error of the derivative 
of the strea function . due to the employment of finite differences 
rather than differential quations, is proportional to the square of 
the mesh side, hen this is sma11.
13 
In an effort to e ploy the above inform tion in order to i prove 
on the degree of accuracy obtained from the full plate problems, it 
was decided to ork "the half plate problems. " These half plate prob­
lem consider the identical sections and loading conditions as the full 
late problems but deal with one- .f the symmetric l e ber and employ 
reduced mesh size. 
13s .  i o shenko and J • •  Goodier , Theory � • astici
a
, cond 
Edition , cGraw- � 11 Book Comp y, Inc. ,  York, l 51, p. 5. 
fhe most logical method ot decreasing the mesh ei0e , for the 
conditions of this investigation . is to reduce it by one•half. This 
method of mesh size reduction was used here. This procedure will 
render a oheok to correspondi.ng points on both the full and half plate 
problems. This ability to check the full section versus the half 
section can give rise to various conolusiona as to whether it is best 
to work with either section as well as some indication •Of how mauy 
poiP.ts 1 0:Jt what m.eeh size is desirable in order to obtain reasonable 
eouracy for- problems similar to those investigated in this work. 
The mesh size was not halved on the full plate sections because 
of :i.noreased OO!nputer eore storage problems. B:ow&ver, this met.hod cf 
approach would be highly desira�le if core storage facilities permit .  
The Half Plate Compression Probl ·m  (P1ate C )  
In an att mpt to improv on the results  of the full plate com­
pression problem and in aoeord nee with the accuracy considerations set 
forth abov , this section is concerned with the half plate compression 
problem. In order to illustrate the m thod of e culating specific 
boundary stress function valu s . Appendix A contains the numerical cal• 
culations for Plate c. The computed stresses are also shown i.n 
pend.ix A. 
Of ajor interest ar tn stress function values , the aximum 
principal stresses and their directions. Contours for the stress 
function and th maximum principal stresses have been drawn and are 
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Figure 5 .  
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of the orientation of the principal stress planes is shown within 
Figure ?. 
The Half Plate Moment Problem (Plate D) 
In an attempt to improve on the results of the full plate moment 
problem and in accordance with the accuracy considerations set forth 
above, this section is concerned with t he half plate  moment problem. 
In order to illustrate the half plate moment problem, Appendix A 
includes the method of calculating specific boundary stress function 
values. The computed stresses are also shown in Appendix A. 
Information of primary interest, in the form of contours for 
the final stress function values and the maximum principal stresses, 
are shown within Figures 8 and 9, respectively. A aphical represen­
tation of t he principal stress plane orientations is sho within 
Figure 10. 
The Half Plate Computer Programs 
The half plate computer programs are shown in Appendix B. An 
examination of the pass one program sho s that it is similar to pas 
one of the full pl.ate programs. However, the ha1f plate program h s 
a sense swi teh statement which pe -'.ta the convergence di fference and 
decimal difference to be printed or not at the operators choice. 
For th half plate example probl ems, the achine time required 
for completion of the iterative procedure was approximately fifteen 
hours . The electronic computer required a time period of 175 seconds 
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to perform one eom.plete plate cycle of the iteration process. This 
amount of time was required to satisfy the biharmonie equation to a 
maximwn difference between any two successive ite�ations of 0.2 3. At 
this point, · the maximum difference between an7 two successive itera• 
tions was approld.mat�ly four percent. With this degree of aeeuracy 
the progression of the iteration convergence was nearly negligible. 
An examination of the results indicated that tbe accuracy was suffi• 
· cient. 
s was the ea.se for the previous full plate example problema, 
after the pass one program had been completed • the r.aults were taken. 
as inpu_t to the pass two, program. Pass two of the hal.f plate programs 
is veey similar to pass two of the full plate programs except that the 
half pla. te program employs a partitioned mesh system. 
After both passes o.f the half plate programs had been complet d, 
the punched card output was taken as input to an accounting machine 
in order for· the computed results to be shown on the plan of the plate. 
CHAPTER VI 
PHOTOELASTICITY 
In an ttempt to substantiate some aspects of the analytical 
stress distribution, a photoelastie beam-model of the struetural 
member was constructed and tested. Th model was constructed from a 
special photoel stie material known as Catalina-Resin (CR-39). 
As concerns the model construction, the first step was to 
machine an aluminum template to the desired scale. The model material 
was then taped to the template using double-sided tape. The model was 
ma.chin d u.sing a very high speed router which was commercially designed 
specifically for the machining of photoelastic materials. his method 
of machining provided very smooth . flat edge surfaces on which time­
edge effects were almost n�n-existent. 
The beam-model was subjected to a condition of pure moment, with 
the notch ea. in compression. The resulting photogr phs e hown 
in Figure 11. 
The first region, in pure bending, to show photoelastic effects 
was the notch upper corner. he next regions to show str ss ff cts 
were th horizontal fibers at the no ,ch centerline. 
Inspection of the stres �tern photographs show s veral inter-
estin characteristics. It should be noted that the neutral surface 
is not continuous throughout the length of the model but that it 
termin tes in the vicinity of the notch upper corners. This effect was 
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Figure 11 . e oment Photoe1asticit Photogra hs 
14 
also noted by Frocht hen testin a model and loading similar to 
those investigated here. It should also be noted that th fringe 
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ord rs at the notch top corners are higher than on the straight central 
portions and the notch bottom corners show a condition of zero stress. 
It is also evi ent that the central portion shows fringe orders that 
are ,nearly horizontal , parallel and equidistant which indicates a con­
dition of pure bending. However, the stress patterns outside the notch 
vicinity show the presence of a combined stress condition. The above 
condition is also evictent from photographs _of a similar model by 
Frocht.
15 
For this study it was not attempted to evaluate the fringe order 
or the stress concentration values. The above is due to the following 
reasons : 
(1)  The main objective of the photoelastic study was to obt · n 
an approxim te check on the distribution of the analytical 
stress contours. 
(2 ) There is some disagreement within the scientific field as 
to whether the fringes actually represent stress contours, 
strain contours or con1 ours of maximum shear. 
(3 ) The termination of the neutr surface, in the vicinity 
of the notch corner, may b due to the localized buckling 
14 • M. Frocht, Photoelasticity, Vol. 1 ,  John Wiley and Sons, 
Inc . ,  New York, 1 941, p. 144. 
15 Ibid. ,  P • 143 . 
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and plastic flow which takes place at such a sharp 
corner. If the stress relationship in this area is not 
nearly linear, the fringe values and stress concentration 
.factors would be of a very doubtful degree of accuracy. 
CH TER VII 
GENERAL SUMM RY 
Discussion 
The primary purpose of this work was to investigate the elastic 
stress distribution in r ctang ularly notched structural members. The 
analysis employed the stress function, the finite difference method 
and electronic computation . The structural members were investig ated 
for the common loading conditions of axial compression and pure 
moment. Some photoelastic work was attempted in order to verify the 
analysis. 
This basic research work can be thought of as a base for 
future invest · ations. Similar problems can be solved by using or 
modifying the basic methods and the computer programs. 
The stress distribution analy�is was based upon an assumed 
stress distribution along the boundaries _of the plate. The plate was 
then reduced to a set of discrete points and the st ·ress function values 
wer calculated at each point on the boundaries . Other stress function 
v lues, for points within the domain, were dete ined by satisfying 
the biharmonic molecule at each point. r_ihese interior stress function 
values depend upon the stress function values on the boundaries, the 
values beyond the boundaries , and each other. 
then determined . 
he plate stresses were 
The finite difference method indicates that the plate sec tions, 
to the sid s of the notch, act as cantilevers. nee the cantilever 
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action was recog nized to be pres nt, the moment and shear conditions 
were checked against the boundary conditions applied. Equilibrium 
was satisfied within ten percent, assuming a pure cantilever condi­
tion. This is not surprising because of the continuity existing from 
a continuous plate . 
The half plate examples show a stress concentration factor of 
6. 44 for compression and 3 . 89 for moment. The first value is in fair 
ag reement with Seely and Smith
16 
who give an experimental stress con­
centration factor of approximately 7. 0  for a triang ularly notched 
member. The triangularly shaped notch had sharp corners and the 
member as subject to a uniformly distributed tension condition. 
However, there is no mathematical solution for the theoretical str ss 
concentration factor at a sharp notch .
17 
A check was made on the· full plate versus the half plate prob­
lems. The identical loading conditions check each other �ithin eight 
percent. on the average, for the various quantities computed. 
It has been stated earlier* that the finite difference method 
seems to have an accuracy of approximately t o  percent when compared 
to th more exact stress function solution. This degree of accuracy 
16 Fred B. Seely and James o . �mith , Advanced Mechanics of 
ateri ls, Second Edition, J Wiley and Sons, Inc. ,  New York-;-1957 , 
P •  399. 
l?�. , P • 395 • 
• see previous investigations section. 
was obtained with mesh systems as large as 24 x 24. However, this 
degree of accuracy is probably only oot � nable for sections whieh 
have a simple rectangular outline shape . 
Conclusions 
The following conclusions may be drawn. 
( 1 )  The principal stress contours indicate that the notch 
corner is a point of high stress concentration. 
( 2) It is apparent that the cantilever action appeared 
without any provision being made for it when calculating 
the boundary stress function values. This indicates that 
the stress function method of analysis is a powerful tool 
for determination of structural behavior, without the need 
of special conditions or provisions. 
(3) A mesh system size of 20 x 20 appears to be ab ut th 
( 4 )  
ideal size for use with the Fortran II computer language 
and a core storage of approximately 40 ,ooo. 
The computer tiro t requir d for the iteration process , 
can b reduced considerably 'by resorting to a lesser 
degree of accuracy, which would be .sufficient for 
ordin· y engineering design. 
(5)  A rectangular notch ha a point of singularity, at the 
notch corner , and the stress values at the corner cannot 
be determined. This condi. tion has some influ nee on the 
accuracy of  the computed stresses in the notch vicinity. 
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Neve theless, for point of some small distance from the 
notch, the degree of accuracy is thought to be about 
eight percent or better. For areas of some distance from 
the notch• the degree of accuracy probably apl)roaches two 
percent. 
(6) The illustrative samples given in ppendix A show that 
the half plate problems are more accurate than the full 
plate problems. 'his is not surprising because the 
smaller the mesh size the better the accuracy . 
(7 ) The finite diffP-rence method of stress distribution 
analysis has produced relatively accurate data, consid­
ering the complexities of the problems treated. There 
e other errors inh rited from the finite differene 
approximations and -other types of errors such as the 
degr e of iterative convergence. 
Future r as of Study and esearch 
This paper presents the results of a pilot investigation of two 
notched s tructural members with rectangular cross sections and rec­
tangular notches subject to conditions of pure moment and axial 
compression . The use of the stress function, coupled ith a numerical 
technique and electronic computation, is relatively new. It is felt 
that there are many more problems still in need of further detailed 
study and many other problems which have not yet been attempted, for 
which a similar appr ach can be employed. Some of the fut re area 
of study and research are listed belo . 
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(l) This study was rest:ricted to rectangular structural sec­
tions only. Additional studies could include rolled 
sections of v rious shapes. 
(2) It has been shown that the stress function values 
immediately outside the boundaries are of great importance. 
However t the published information for their accurate 
extrapolation is somewhat lacking. 
(3 ) The biharmonic iteration process is somewhat lengthy. A 
possible improvement is to program the biharmonic solu• 
tion, or the entire solution, in the Symbolic Programming 
System (SPS) language. The SPS language may also ve 
some relief from core storage difficulties as were 
encountered in this work. Howev r, the use of the SPS 
language may not be all gain. There may be data input 
and output problems as well as resulting programs which 
may be less flexible. Possibly it is better to use a 
faster computer with a larger storage capacity. 
( 4) This investigation was restr · cted to a study of the stress 
distribution in notched structural members . Knowing the 
stress distributions, the problems should be extended to 
the determination of the critical buck.ling characteristics. 
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The buckling characteristics may be especially critical 
for light gage or high str ngth st el members . 
( 5 ) Th photoelastic analysis indicated that the neutral sur­
f ce terminates in the vieinit of the notch corner . Some 
future work is needed to d termine why this condition is 
evident. 
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APPENDIX A 
EXAMPLE BOUNDARY STRESS FUNCTION CALCULATIONS 
AND 
COMPUTED STRESS DISTRIBUTION .DATA 
EXAMPLE ONE 
THE FULL PLATE COMPRESSION PROBLEM 
PLATE A 
COMPUTED STRESS DISTRIBUTION DATA 
- 5 4 0 . ;- 3 7 5 . - 2 4 0 . - 3 7 5 � - 5 40 • 
- 5 4 0 .8- 3 7 5 - 5 4 0 • H 
- 5 40 .  - 3 7 5  - 2 3 8 .  - 1 29 .  - 4 8 • 1 .  1 8 .  2 •  -47 . - 1 2 1 . - 2 3 7 . -3 7 5  - 540 . 
- 5 3 5 .  - 3 7 5  - 2 3 5 . - 1 1 8 . -2 8 .  2 9 . 5 0 . 3 2 . -2 5 .  - 1 1 5 .  - 2 3 �3 .  - 3 7 5  - 5 3 7 • 
- 5 3 0 .  - 3 7 5  - 2 30 .  - 1 0 3 .  - .  6 7 .  9 3 . 1 2 . 3 .  - 1 00 . - 2 2 8 .  - 3 7 5  - 5 3 4 . 
-5 2 5 .  - 3 7 5  - 2 24 .  - 8 5 . 3 0 .  1 1 1 .  1 45 .  1 2 0 .  3 5 . -8 5 .  - 2 2 4 . - 3 7 5  -5 3 1 . 
-5 2 0 .  - 3 7 5  - 2 1 8 .  - 6 7 . 6 3 . 1 5 8 . 2 0 1 . 1 74 •  6 3 . - 7 5 .  - 2 2 2 . - 3 7 5 - S 2 8 . I 
- 5 1 5 .  - 3 7 5  - 2 1 3 .  - 5 1 .  9 2 .  1 9 9 . 2 5 0 . 2 2 S  
I 
G- 5 2 5 . G 
- 5 1 0 . - 3 7 5  - 2 1 0 . -40 . 1 1 2 .  2 2 4 .  2 7 1 .  2 2 5 5 5 . - 7 5 . - 2 2 5 .  - 3 7 5 .  - 5 2 5 . 
- 5 0 5 .  - 3 7 5  - 2 0 8 .  - 3 2 . 1 2 5 . 2 3 9 •  2 8 3 . 2 2 5  3 5 . o .  o .  o .  o . 
-5 00 .  - 3 7 5  - 2 0 7 .  - 2 8 . 1 3 2 .  2 48 . 2 9 0 .  2 2 5  l 5 e I o .  o .  o .  o . / 
-49 5 �  - 3 7 5  - 2 0 1 .  - 2 1 . 1 3 ·4 .  2 5 1 .  2 9 3 .  2 2 S  E 5 . E o .  o .  o . o .  
-5 0 0 .  - 3 7 5 - 2 0 1 .  - 2 9 . 1 3 2 . 2 4 8 . 2 9 0 . 2 2 5  1 5 .  o .  o .  o .  o .  
-5 0 5 .  -3 7 5  - 2 0 8 .  - 3 3 . 1 2 4 . 2 3 9 .  2 8 3 .  2 2 5  3 5 .  o .  o .  o .  o .  
- 5 1 0 .  - 3 7 5  - 2 1 0 .  - 40 . 1 1 1 . 2 2 4 .  2 7 1 . 2 2 � 5 5 . - 7 5 . - 2 2 5 .  - 3 7 5 . - 5 2 5 .  
- 5 1 5 •  - 3 7 5  -2 1 3 .  - 5 1 . 9 1 .  1 9 8 . 2 5 0 .  2 2 5  - 5 2 5 .  
- 5 2 0 . - 3 7 5  - 2 1 8 .  - 6 7 . 6 3 .  1 5 7 . 200 .  1 7 4 .  6 3 . - 7 5 . - 2 2 2 . - 5 2 8 . 
- 5 2 5 .  - 3 7 5  3 0 .  1 1 1 .  1 4 4 . 1 2 0 . 3 5 . - 2 2 4 . - 5 3 1 . 
- 5 3 0 . - 3 7 5  - 1 .  6 6 . 9 3 .  7 1 • - 5 3 4 . 
-5 3 5 .  - 3 7 5  -2 8 .  2 9 . 5 0 . 3 2 . - 5 3 7 . 
- 5 40 .  - 3 7 5  - 5 40 . 
-5 4 0 . - 3 7 5  - - 5 40 . 
- 5 4 0 . - 3 7 5 . - 2 40 . - 1 3 5 .  - 6 0 . - 1 5 .  o .  - 1 5 .  -6 0 . - 1 3 5 . - 2 4 0 . - 3 7 5 .  - 5 40 . 
Figure 12. Stress Function. ¢ • For Pure Compression 
Plate A 
B- 1 OO H - 9 4  - . 9 0 - . 9 5  - 1 . 0 2  - 1 . o a  - 1 . 1 2  - 1 . 1 0 - 1 . 04 - . 9 6  - . 9 1  - 9 2  - 6 7  - . 7 5  - . 9 0 - 1 . 0 7 - 1 . 2 2 - 1 . 3 1  - 1 . 2 9 - 1 . 1 1  -. 9 1  - . 1 1  - 6 9  
- 3 4  - . 5 7  - . 8 4  - 1 . 1 2 - 1 . 3 9 - 1 . 5 9 - 1 . 5 6 - 1 . 1 1 -. 8 2  - , 5 9 - 4 2  
0 1  - . 3 7 - . 7 6 - 1 . 1 1 - 1 . 5 8 - 1 . 94 - 2 . 0 1  - 1 . 1 7 -. 6 3  - . 3 7  - 1 8  
3 7  - . 1 6  - . 6 8 - 1 . 1 9 - 1 . 7 3 - 2 . 3 2 -2 . a- o  - 0 2  
7 1  • 0 2 - . 6 1  - 1 . 2 2 - 1 . 8 4 -2 . 5 7 - 4  O O G 
9 9  . 1 1 - . 5 8  - 1 . 3 4 - 2 . 1 6 - 3 . 1 2  -4 1 1  o . oo o . o o o . o o o . oo  
T
2 . 2 9 - . 5 8 - 1 . 4 4  - 2 . 3 7 - 3 . 3 8 - 4 3 9  o . oo o . o o o . oo o . oo 
l 4 1  . 3 7 - . 5 7 - 1 . 5 0  - 2 . 48 - 3 . 5 8 -4 8 1  o . oo o . o o  0 • 0 0 o . oo 
C 1 5 8  . 4 1 - . 5 7  - 1 . 5 1  -2 . 5 1  - 3 . 6 8 - 5  3 7  o . oo o . oo o . oo o . oo 
1 4 1  . 3 7 - . 5 7  - 1 . 4 9 - 2 . 48 -- 3 . 5 8 - 4  8 1 £ o . oo o . o o  o . o o o . o o  
1 2 2  . 2 9  - . 5 7  - 1 . 44 - 2 . 3 6 -3 . 3 8 - 4  3 9  o . oo o . o o  o . o o o . o o 
. 1 1 -- . 5 8  - 1 . 3 4 - 2 . 1 6  -3 . 1 2  -4 1 2  o . oo o . oo o . oo o . oo 
. 02 - . 6 0 - 1 . 2 2  - 1 . 8 4 - 2 . 5 7 - 4 0 0  
- . 1 6  - . 67 - 1 . 1 9 - 1 . 7 3 -2 . 3 2  - 2 . 8 0  - . 9 2 -. 3 0  - . 1 4  - 0 3  
- . 3 7  - . 7 6  - 1 . 1 7 - 1 . 5 8 - 1 . 94 -2 . 0 1  - 1 . 1 7 -. 6 3  - . 3 7  - 1 8  
- . 5 7  - . 8 4  - 1 . 1 2 - 1 . 3 9 - 1 . 5 9 - 1 . 5 6 - 1 . 1 7 -. 8 2  - . 5 9 - 4 2  
- . 7 5  - . 9 0  - 1 . 0 1  • 1 . 2 2  - 1 . a 1 - 1 . 2 9 -- 1 . 1 1  -. 9 1  - . 1 1  - 69 
- . 9 0  - 1 . 1 2 - 1 . 1 0 - 1 . 04 -. 9 6  - . 9 1  - 9 2  
-1 - 0 0  
Figure 13. Stress , c:r-- , For Pure Compression 
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Bo 
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0 0 0  - . 0 2 - . 0 9  - . 1 6  
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0 0 0  -. 0 2  - . 0 9 - . 1 6 
0 0 0  - . 0 3  - . 1 1  - . 1 8  
0 0 0  - . 0 5  - . 1 3  - . 2 4 
0 0 0  - . o s  - . 1 4 - . 2 8 
0 0 0  - . 0 2 - . 0 1  - . 1 3 
0 0 0  . oo . 0 1  . 0 3  
0 0 0  . o a 
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0 0 0  . 1 6 
0 
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O O G 
o . oo 
o . oo 
o . oo 
o . oo 
o . oo 
o . o o  
o . oo 
0 0  
0 0  
0 0  
0 0  
00 
0 0  
0 0  
O'\ 
+:" 
0 0  . 1 4 . 2 2 . 2 3  . 1 5  
0 1  . 2 1 . 3 2 . 3 3 . 2 2 
0 0  . 2 1 . 40 . 4 1  . 2 9 
0 1  . 2 9 . 44 . 46 . 3 6 
00  . 2 8 • 42  . 44 . 3 6 
0 1  . 2 2 . 3 3 . 3 2  • 1 7  
0 3  . 1 5 . 2 2 . 1 8 - . oo 
0 6  . 0 9 . 1 4 . 1 1  - . o o 
0 7  . 0 4 . 0 1  . 0 6  . o o 
C � 00 - . oo  - . o o  o . o o  . o o 
0 7  - . 0 4 - .01 - . 0 6  - . o o  
0 6  - . 0 9 - . 1 4  - . 1 1  . o o 
0 3  - • 1 5 -. 2 3  - . 1 8  . o o 
0 1  - . 2 2 - . 3 3  - . 3 2 - . 1 1  
0 0  - . 2 8 - . 4 2  - . 4 4  - . 3 6  
0 1  - . 2 9 - . 43 - . 4 6  - . 3 6 
0 0  - . 2 6 - . 4 0 - . 4 1 - . 2 9  
0 1  - . 2 1  - . 3 2  - . 3 3  - . 2 2 
0 0  - . 1 4  - . 2 2  - . 2 3 - . 1 5 
5. Shearin- r 
. 0 2 - . 1 3  
. 0 3  - . 2 0  
. o s  - . 2 8 
. 0 9 ..... .  3 9  
. 1 4 - . 5 4 
- . 1 2  -
- . 3 3  - 6 0  
- . 2 0  - 49 
- . 1 0  - 4 2  
. co o o E 
. 1 0 4 2  
. 2 0 49 
. 3 3  6 0  
. 1 2 
- . 1 4  . 5 4 
- . 0 9  . 3 9 
- . 0 5  . 2 8  
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- 0 1  H 
- . 2 3  -. 2 3  - . 1 6  - 0 2  
- . 3 4 -. 3 4  - . 2 3  - 0 2  
- . 47 -. 42 - . 2 5  - 0 2  
- . 64 -. 4 5  - . 2 1  0 0  
- . 7 8  -. 3 3  - . o e 0 5  
04G 
o . oo . o o o . oo o . oo 
o . oo . o o o . oo o . o o  
o . oo . oo o . oo o . oo 
o . oo . oo o . oo o . oo 
o . oo . oo o . o o o . oo 
o . oo . o o o . oo o . o o  
o . oo . oo o . oo o . oo 
0 4  
. 1 a . 3 3 . o a - 0 5  
. 64 . 4 5 . 2 1  - 0 0  
. 4 7 . 42 . 2 5  0 2  
. 3 4 . 3 4 . 2 3 0 2  
. 2 3  . 2 3 . 1 6 0 2  




- 0 3 H 
0 8  8 . 1 6 1 0 . 9 0 9 . 6 7  5 . 9 9 . 1 1 - 4 . 9 2 - 9 . 5 1  -1 1 . 3 5  -9 . 1 3 - 1  6 5  
1 � 3 7 1 4 . 1 3  1 6 . 1 4  1 3 . 5 1  8 . 2 5  1 . 0 1 -6 . 9 4  - 1 3 . 8 6 -1 1 . 1 2  - 1 4 . 9 2  - 2  1 0  
7 2 2 0 . 9 0 2 0 . 44 1 6 . 3 6 1 0 . 0 0 1 . 5 5 - s . 5 2 - 1 8 . 40 -2 3 . 1 0 - 2 0 . a a  - 3  6 9  
3 3
1
3 3  2 8 . 7 7 2 4 . 1 7  1 8 . 7 1 1 1 . 7 3 2 . 5 4 - 9 . 9 4  -2 5 . 2 7  -3 1 . 49 -2 8 . 0 6 3 1  
1 2 3  3 8 . 1 9 2 7 . 0 8 2 0 . 0 4  1 2 . 79 3 . 8 6 - 1 1 . 1 0  - 3 8 . 46 -4 1 . 2 0 3 3  
9 5  -40 . 1 7  2 7 . 6 2 1 7 . 2 1  7 . 5 0  -4 . 4 8 - 1 4  O O G 
2 2 0 - 2 6 . 92 2 2 . 8 9 9 . 1 1  - . 1 4  -6 . 7 3 - 8  1 6  o . oo o . o o o . o o o . oo 
2 8 7  - 1 4 . 6 1  1 5 . 9 5 4 . 9 6  - . 2 0  -3 . 5 6 -6  3 2 o . oo o . o o o . o o o . oo 
3 1 2  - 5 . 9 3 8 . 5 2 2 . 5 6  • 1 8  - l . 6 9 -4  9 6  o . o o o . o o  o . o o o . o o 
C 0 1  . 1 3 - . o a o . o o  , . 0 1 . 0 1  O O E o . oo o . o o o . oo o . o o 
-3 0 9 6 . 2 0 - 8 . 6 9 -2 . 5 6  - . 1 5  1 . 1 2 4 9 7  o . oo o . o o o . o o o . o o 
-2 8 5  1 4 . 8 6  - 1 6 . 0 9 -4 . 9 8  . 2 3  3 . 5 9 6 3 2  o . oo o . o o o . o o o . o o 
-2 1 9  2 1 . o a  - 2 3 . 0 0  -9 . 1 5  • 1 6  6 . 76 8 1 6  o . oo o . o o o . o o o . oo 
9 5  40 . 2 6 - 2 7 . 6 8 - 1 1 . 2 1 - 7 . 5 4 4 . 4a 1 4  00  
-1
i
2 0  - 3a . 1 1  - 2 1 . 1 0  -20 . o a  - 1 2 . a 3  - 3 . 9 0  1 1 . 0 8 3 8 . 44 44 . 1 0 4 1 . 1 5 - 3 7  2 0  
-3 7 2 1  - 2 8 . 67 - 2 4 . 1 4  - 1 8 . 7 2 - 1 1 . 7 6 -2 . 5 8 9 . 9 0  2 5 . 2 3  3 1 . 4 5 2 3 . 0 2 
5 7  - 2 0 . 79 - 2 0 . 4 1  - 1 6 . 3 6 - 1 0 . 0 2 - 1 . 5 8 8 . 49 1 8 . 3 6 2 3 . 0 6 2 0 . 8 4  
-1 1 4 1  - 1 4 . 06 - 1 6 . 1 1  - 1 3 . 5 2 -8 . 2 8 - 1 . 1 0 6 . 9 1  1 3 . 8 4 1 1 . 1 0  1 4 . 9 0  
- 1 0 -8 . 1 3 - 1 0 . 8 9 -9 . 6 7  - 6 . 0 1  - . 7 8  4 . 9 0  9 . 5 0 1 1 . 3 5 9 t l 2  
Fi«ure 16. Principal Stress Orientation� <9 • For Pure Compression 
Plate 
- 2 8  
3 6 7  
2 0 8  




B-1 - 9 4  - . 9 2 - 1 . 0 0 - 1 . 0 6  - 1 . 10 - 67  - . 8 1  - 1 . 0 0 - 1 . 1 5 - 1 . 2 5  
- 3 4  - . 6 7  - . 99 - 1 . 2 4 - 1 . 4 5  
0 2  - . 5 3  - . 9 6 - 1 . 3 3  - 1 . 6 5 
3 7  - . 38 - . 8 9  - 1 . 3 6 - 1 . 8 2 
7 1  - . 2 4 - . 7 8 - 1 . 3 2 - 1 . 8 7 
99  . 2 5 - . 6 8 - 1 . 3 7 - 2 . 1 6 
T
2 . 3 1 - . 6 2  - 1 . 4 5  - 2 . 3 7 
1 4 1  . 3 7  - . 5 8  - 1 . 5 0  -2 . 4 8 
C 1 5 8  . 4 1 - . 5 7 - 1 . 5 1  - 2 . 5 1  
1 4 1  . 3 7 - . 5 8  - 1 . 50 -2 . 4 8 
1 2 2  . 3 1 - . 6 2  - 1 . 4 5  - 2 . 3 6 
9 9  . 2 5 - . 6 8 - 1 . 3 7 - 2 . 1 6  
7 0  - . 2 4 - . 7 8 - 1 . 3 2  - 1 . 8 6  
3 6  - . 3 8 - . 8 9  - 1 . 3 5  - 1 . 8 1  
0 1 - . 5 3 - . 9 6 - 1 . 3 2 - 1 . 6 5  
3 4  - . 6 7 - . 9 9  - 1 . 2 4 - 1 . 4 4 
-i 6 7 - . 8 1  - . 9 9  - 1 . 1 5 - 1 • 2 5  
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THE FULL PLATE MOMENT PROBLEM 
PLATE B 
COMPUTED S TRESS DISTRIBUTION DATA 
2 1 6 .  1 2 5 .  
2 1 6 . 8
1
1 2 5  B 
2 1 9 .  1 2 5  
2 2 2 . 1 2 5  
2 2 5 .  1 2 5  
2 2 8 . 1 2 5  
2 3 1 . 1 2 5 
2 3 4 .  1 2 5  
2 3 7 .  1 2 5  
2 4 0 . 1 2 5  
2 4 3. , 1 2 5 
2 46 .C 1 2 5  C 
243 . 1 2 5  
2 4 0 . 1 2 5  
2 3 7 .  1 2 5  
2 3 4 .  1 2 5  
2 3 1 . 1 2 5  
2 2 8 . 1 2 5  
2 2 5 .  1 2 5  
2 2 2 . 1 2 5 
2 1 9 . 1 2 5  
2 1 6 .  1 2 5 
2 1 6 .  1 2 5 . 
6 4 . 
6 4 .  
6 6 . 
69 . 
7 3. 
1 1 . 
8 1 . 
8 3 .  
8 4 .  
8 5 .  
8 5 .  
8 5 .  
8 4 .  
8 3 .  
8 1 .  
1 1 .  
7 3 . 
6 9 . 
66 . 
64 . 
6 4 .  
8 .  1 .  
3 0 .  1 5 .  1 2 . 
3 7 . 2 9 .  3 1 .  
4 7 . 47 . 5 7 .  
5 9 . 6 9 . 8 8 . 
12 . 9 2 . 1 2 1 .  
8 2 . 1 1 1 . 1 49 .  
9 0 . 1 2 4 .  1 6 4 . 
9 4 . 1 3 2 .  1 7 4 .  
9 7 . 1 3 6 .  1 8 0 .  
9 7 .  1 3 8 .  1 8 2 .  
97 .  1 3 6 .  1 8 0 .  
9 4 . 1 3 2 .  1 7 4 .  
9 0 .  1 2 4 .  1 6 4. 
8 2 . 1 1 1 .  1 4 8 • 
1 1 .  9 1 . 1 2 0 .  
59 . 6 9 . 8 8 .  
47 . 4 7 . 5 7. 
3 7 . 2 9 . 3 1  • 
3 0 .  1 5 .  1 2 . 
2 1 .  8 .  1 .  
s 
-8 .  - 1 2 5 .  -2 1 6 •  I 
-2 1 6 . 1-1 
1 2 .  1 1 . • - 2 2  • -- 6 2 . - 1 2 5  - 2 1 3 .  
3 5 . 3 2. 1 6 . - 1 3 .  - 60. - 1 2 5  -2 1 0. 
6 5 .  6 0 . 3 7 . -2 . - 5 6 . - 1 2 5  - 2 0 8 . 
1 0 2 .  96 . 6 1 •  1 0 . - 5 2 . - 1 2 5  - 2 0 s . 
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THE HALF PLATE COMPRESSION PROBLEM 
PLATE C 
EXAMPLE BOUNDARY STRESS FUNCTION CALCULATIONS 
AND 
COMPUTED STRESS DIST·RIBUTION DATA 
76 
E:X · PLE BOUNDARY STRESS FUNCT ON C CULATIONS 
Consider the h lf plate section , dimension in terms of th 
mesh sp cing,  0h, ' as hown in Figur-e 24. Th mesh er.: atem employed 
is shown :Ln. -re 25 ., here th plat oundaries are hewn as the 
h avy s lid lines . 
Pl t C is su j ot ,  a was Plat A 1 to pure compressive stress .. 
Plate C ha the same general boundary outlines as Plate A. The basic 
boundary qu tiona , det ined for Plate , will be employed here as 
ne d d . 
Substituting into quation ( ) :  
- a---- ... 5 c;r--.. r n 
Substitutin into equation (9 ) : 
+ � °'  ; n 
Subatitutin into quation {lO ) s 
'r a 9 
so 
V 3 
mttploying equation {15 )  to c lculat stress fwiction values 
along th boundary B-H, where o--. n is t n qual to 60 t, 
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Figure 25 . 
Half Plate Mesh System Bh 
Zeh 
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y _L y ---2L 
Pt , A 0 0 6 -1080 
1 -30 ? -1470 
2 -1 20 8 -1920 
3 -270 9 -2 430 
4 -480 10 -3 100 Pts. B and H 
5 -750 11 -3630 Pta. B ' and H' 
The value of CJ'-- was n taken to be 60 in order to facilitate the use 
of the g n ralized h lf plate computer programs shown in ppendix B. 
This :proe dure produces normalized stresses , with re pect to a-..... ,  on 
X 
the boundary B-H. 
t point , from equations (19 ) and (18 ) , 
= -
= -
= - ,3000 
2 
and th stress function values remain constant at -3000 along the sur­
fac H-G. 
At point C, from equations (19 b) and (20) , 
¢ = -
o--. R ::: - 600 n 
= ... 3000 
2 
0 
and the str ss function values remain constant at -3000 along the sur-
face B-C. 
For the surface G-F , employing equation (22 ) : 
y rt y _L 
t .  G '  11 -3600 6 -600 
t .  G 10 -3000 5 0 
9 -2400 4 600 
8 -1800 3 1200 Pt. 
7 -1200 2 1800 Pt. 
At points F and E,_ from equations ( 19 e )  and ( 24) , 
= - o-... R = - 600 n 
°' R
2 
¢ = - °'n R + __ 




and the stress function values rem n constant at 1800 along th sur­
face F-E. 




lso, for point c , 
¢ 3000 
o>¢ = - 600 
6) y 
°"' :: 2. m 3 
0--n 
2V 
+ ell (26) 
and 
a---. = 60 
n 
81 
ubstitution of the above quantities; for point C, into equation (26 ) : 
c11 = - 750 
Also , for the surface D-C, 
(27 )  
ubstituting th above quantities, for point c ,  into equation ( 2? } :  
c12 = - 900 
Therefore, along the surface D-C, 
¢ = � s3 - 750 s - 900 (27a) 























Pt . D 
+ Cl3 
(29 )  
Also ,, or point E, 
and 
¢ = 1800 
o>¢. = - 600 
o) y  
- c::7"- = - 5 r 
a--:. = 60 n 
2 
Substitution of  the above qu tities , for point E, into equation (29) : 
Cl3 = ?50 
so , for the surface D-E, 
er--- 0-... 8
3 
¢ r n = - 6T (30) 
Substituting the appropriate quant · ties , for point D , into equation 
( 30 ) . 
014 = ... 900 
Therefor , along the surface D-E, 
¢ = - � s3 + 750 s - 900 
Sub tituting v lues of  s into quation 
6 -± s -
Pt . D 0 -900 6 
1 -156 7 
2 556 
3 1200 9 
4 1744 10 
5 21.56 
(30a) 





1800 Pt . E 
1045 Pt. E ' 
The above completes the boundary stress function calculations. 
With �eference to Figure 25 , the stress function values 
immediately b yond the bound i s  B-H, F-G d C-E w re xtrapolated. 
equal to thos · on the bound ties. The values imrnedia tely beyond the 
boundary B-C wer taken as a linear relationship between the extrapo­
lated -values t points B 1 and 0 '  • In .a similar manner , th values 
imm diately beyond boundaries B�G and F•E were taken as linear 
r lationshi.ps between the extra.pcla.ted values H ' -G ' and F • ..-E• , 
r speotively. These boundary relationships are evident in Figure 
2?. 
Figure 2 6  shows the smooth surfaces formed by the stress 
function values at the boundary lines . An extension ,of the.so sur•· 
fae s ,  to includ the stress function values withi.n the boundarie , 
yields a smooth undulating surface above d below the plane of the 
plat . 
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Figure 27.  Stress Function , ¢ , For Pure Compression 
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Figure 28. Stress, C7'°" t For Pure Compression 
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Figure 31. Principal Stress Orientation , e For Pure Compression 
Plate C 
B -1 OO H 
95 - . 9 5  - . 96 - . 9 7  - . 9 8  - . 99- 1 . oo- 1 . 0 1 - 1 . 0 1 - 1 . 0 2 - 1 . 0 3 -l . 0 3- l . 0 3 - l e 0 2 - l e 0 2 - l • O l - l e 0 0  - . 9 8 - . 96 - . 9 6  - 9 9  
9 0  - . 8 9 - . 90 - . 9 3  - . 96- l . OO- l . 0 2- l . 04- l . 0 6- l . 07 - l . 0 9 -l . 09 - l . 09 - l . 08 - l . 06 - l . 0 3 - l • O O  - . 96 - . 9 3  - . 9 1  - 9 5  
-• 8 3  - . a 2  - . 8 4 - . 8 9  - . 94- 1 . oo- 1 . o s- 1 . 09- 1 . 1 2 - 1 . 1 6- 1 . 1 1 -1 . 1 a- 1 . 1 1- 1 . 1 s- 1 . 1 1 - 1 . 0 6 - 1 . 0 1  - . 9 5 - . a s - . a 4 - 8 5  
7 4  - . 7 3 - . 7 8 - . 8 5  - . 9 3 - 1 . 0 1 - 1 . o a- 1 . 1 5- 1 . 2 0 - 1 . 2 s - 1 . 2 8 -l . 29 - l . 2 8 - l . 2 4- l . 1 8- l . l l - l . O l - . 9 2 - . 84 - . 7 6 - 7 2  
6 1  - . 6 3  - . 7 1  - . 8 2  - . 9 2- 1 . 0 2- 1 . 1 2 - l . 2 1 - l . 30 - l . 3 7 - l . 4 2 -l . 43- l . 4 1 - l . 3 6- l . 26 - l . 1 5- l . 0 3  - . 9 0 - . 1 1  - . 6 5  - 5 7  
4 7  - . 5 3  - . 6 5 - . 7 8  - . 92 - l . 04- l . 1 7 - l . 2 8- l . 40 - l . 50 - l . 5 8 -l . 6 1 - l . 5 9 - l . 5 0- 1 . 3 5 - 1 . 1 9- 1 . 0 2  - . 8 5  - . 69 - . 5 4 - 42  
3 1  - . 43 - . 5 9 - . 7 5  - . 9 0- l e 0 6- l . 2 2 - l . 3 8 - l . 5 2- 1 . 6 7 - l . 7 8 -l . 84- l • 8 1 - l . 66- l . 4 5 - l . 2 2 - . 9 9  - . 78 - . 60 - . 4 3 - 2 7  
1 2  - . 3 3  - . 5 3 - . 7 1  - . 90- l . 0 8- l . 26 - 1 . 4 5- 1 . 64- 1 . 8 4- 2 • 0 2 -2 . 1 3 -2 . l l � l . 8 7- l . 5 5- l . 2 2  - . 9 4  - . 69 - . 48 - . 30 - 1 4  
0 8  - . 2 4  - . 4 6  - . 6 7  - . 8 7- l . 0 8- l . 2 9 - l . 5 1 - l . 7 6-2 . 0 2 - 2 . 2 9 -2 . 5 1 - 2 . 5 3 -2 . 1 2- l . 62 - l . 1 9 - . 8 2  - . 56 - . 3 5 - . 1 7  - 04  
2 7  . 2 5  - . 40 - . 6 3  - . 8 4- l . 06- l . 3 0- l . 5 5- l . 8 3- 2 . 1 7-2 . 5 4 -2 . 96- 3 . 2 3-2 e 3 9- 1 . 6 1 - l . 0 5 - . 6 6  - . 3 9 - . 2 0 - . 0 7 0 3  
48 . 3 5  - . J4 - . 5 7  - . 8 0- 1 . 04- l . 2 8 - l . 5 5- l . 8 6- 2 . 2 3-2 . 7 1 -3 . 42 - 4 . 4 5 -2 . 5 7- l . 3 7  - . 7 4 � . 39  - . 1 8  - . 06 - . 0 4 0 5  
68  . 4 5  . 3 4 - . 5 1  - . 7 5- l . OO- l . 26- l . 5 5- l . 8 8-2 . 2 9-2 . 8 1 -3 . 74-6  0 2 G 
8 7  . 5 6 . 3 7 - . 4 5  - . 7 0 - . 9 7- 1 . 2 7- l . 6 2 - 2 . 0 5-2 . 59-3 . 3 2 -4 . 3 5- 5  2 5  o . oo o . oo o . o o o . o o  o . o o  o . oo o . oo o . oo 
04 . 6 7 . 3 9 - . 3 8  - . 6 5 - . 9 6- l . 3 2 - 1 . 7 4-2 . 2 4-2 . 8 3-3 . 5 4-4 . 2 9-4 86  o . oo o . oo o . o o o . o o  o . o o  o . oo o . o o o . oo 
1 1 9  . 7 6 . 4 1  - . 3 3  - . 62 - . 98- l . 3 9 - l . 8 7- 2 . 40-2 . 9 9-3 . 6 3-4 . 24-4 73  o . oo o . oo o . oo o . o o  o . o o  o . oo o . oo o . oo 
1 3 3  . a s  . 4 3  - . 2 1  - . 60 - 1 . 0 1 - l . 4 7- l . 9 8 -2 . 5 2- 3 e l 0-3 e 6 9-4 . 24-4  7 1  o . oo o . oo o . oo o . o o  o . o o o . oo o . oo o . oo 
1 44 . 9 3  . 46 - . 2 3  - . 59- l . 0 5- 1 . 5 4- 2 . 07- 2 . 62-3 . 1 8 - 3 . 74 -4 . 2 6-4  7 2  o . o o o . oo o . oo o . oo o . o o o . oo  o . oo o . oo 
U 5 3  1 . 00 . 49 - . 1 8  - . 5 7- l . 08- l . 60 - 2 . 1 4-2 . 70-3 . 2 5-3 . 7 9 -4 . 3 1 -4 1 1  o . oo o . oo o . o g o . o o  o . o o o . oo o . o o o . oo 
6 0 1 . 0 7 . 5 1  - . 1 3  - . s s - 1 . 1 0- 1 . 64-2 . 1 0 - 2 . 1 5 - 3 . 3 0-3 . 8 4 -4 . 3 7- 4  8 6  o . oo o . oo o . oo o . o o  o . oo o . oo o . o o o . oo 
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Figure 32 . Maximum Principal Stress , c::r-- For Pure Compression � 
Plate C p ' 
�--� 
EXAMPLE FOUR 
THE HALF PL TE MO ENT PROBLEM 
PL TE D 
EX L BOUNDARY STRE S FUNCTION 
AND 
ClJLATION.S 
COMPUTED STRESS DISTRIBUTION DATA 
92 
AMP BOUND Y STRESS UNCT ION C CULATIO S 
Consider th hal plate section 1 dimension d in terms of the 
mesh spacing 11h11 as shown in Figure 33. The mesh system employed is 
shown in Fi ur 25. 
Plate D i subj,ect, as was Pl t B ,  to a pure momen� tress 
condition. Plat D has the same g neral boundary outlines a� �l te 
B. The basic boundary equations, det rmin d for Plate B, will be 
e ployed here a need d. 
Substituting into quation (32), 
2..5 
er--- = + -9 0-... - n 
wh re the neutral surfac is at  the c nter of boundary C-E. 
tress function valu Empioying equation (41 ) to calculat 
long th boundary A-B, where the constant Ki is taken equal to unity: 
Pt. A 






















10 1000 Pt. 
1331 Pt . B ' 
equ but oppo ite in 
From uation (38) d (39 ), if ¾_ =  1, then K2 - 3 d 
O"n - 60. 
i • 
25 �,,,,,== +� o--n · 20 
C 
\() 
\\ ,,... •K lJ) 
£ - e?',n= - � � I 
Figure 33 . 
8 
Boundary Stress Relationship 
Pla t e  D 
F 
B 
G '2. - � � '° '-"' 
4 
t point C, from equations (l+Oa) and (41 a) . 
and the stress function values remain constant at 1 000 along the sur-
f ce' B-C . 
t point G, fro e uations (40c) 
= -
3 ·  ¢ = - Ki R = - 1 000 
d (41b }, 
and the stress function values r main constant at -1 000 along the sur-
face H-G. 
For the surface 
l 
Pt . G' 1 1  




At points F d 
;;; ¢  
8 y  
G-F, mpl:_oying quation ( 43a) : 
� y <i. 
-1300 6 200 
-1 000 5 .500 
-700 4 800 
-400 3 1 1 00  Pt . 
-1 00 2 1 4o0 t. 
, from equation ( 40  ) and ( 44a) , 
, r;i = - K2 
2w + R3 { K
2 
- Ki ) = 1400 
F '  
F 
95 
th str s f nction v ues r main con t t at 140o along th ur-
or th urf'ace , a th bound 








Simil ly , fro equ tion (50) d (51 ) , 
5 = 36 
d 
= 12 
Th r or , along t bound ry c. 
@ ¢  125 2 + C5 = -








But , for oin C ( = - 6) , 
o> (p  = 300 
o> y 
condition positiv • 
( 46a) 
( 47 } 
d 10 , 
d R 10 , 
( 46b ) 
(47b} 
and 




= - 200 
and 
Therefore, for the surface D-C, 
and 
o>(/; 
= 122 s2 -200 
d S 9 
¢ 
C 
122 3 - 200 + 1200 
27 
96 
( 46c ) 
( 47c) 
Substitution of s �ralues into e,quation ( l+?c ), for the surface D-C, it 




At point E, 
� s 
0 1200 4 
l 1005 .5 
2 837 6 
3 725 7 
surface E, as the boundary 
cJ¢ 12.5 2 = - - s + C
.5 




1000 Pt . C 
13 8 Pt . c •  
condition is negative, 







Th n, along the surface D-E, 
¢ = - 125 s3 + 200 s + c6 
27 
t point D , s = 0 and ¢ = 1200 , so 
Then , along th surface D-C, 
¢ 




Substitution of s values into equation (4?d), for the surface D-E, it 
is evident that : 
L s --2.-
Pt. D 0 12 0  4 1704 
1 1395 5 1621 
2 1563 6 1400 Pt . E 
3 1675 7 1 012 Pt . E ' 
Th abov complet s the boundary stress function value calcula­
tions. From this point, the procedur i the same as for the pr vio 
problems. That is , extrapol tio of the stress function values 
immedi t ly outsid the boundaries , u ing the method developed 
earlier, for Plate C. The initi stress function approxim tions 
9 
within the boundaries are then determined and the boundary values and 
initial approximations are taken together as eomputer input. The 
computed data, for Plate D , is shown on the succeeding pages. 




1 3 3 1  1 0 0 0  
1 3 3 1  1 0 0 0  
1 3 3 4  1 0 0 0  
1 3 3 7  1 0 0 0  
1 3 4 0  1 0 0 0  
1 34 3  1 0 0 0  
1 34 6  1 0 0 0  
1 3 4 9  1 0 0 0  
1 3 5 2  1 0 0 0  
1 3 5 5  1 0 0 0  
1 3 5 8  1 0 0 0  
1 3 6 1  1 0 0 0
1 
1 3 64 1 0 0 0  
1 3 6 7  1 0 0 0  
1 3 70 1 0 0 0  
1 3 7 3  1 0 00  
1 3 76  1 0 0 0  
1 3 7 9 1 0 0 0  
1 3 8 2  1 0 0 0  
1 3 8 5  1 0 0 0  
1 3 8 8  ,1 0 0 0  
C C 
1 3 8 5  1 000  
7 2 9  
7 2 8  
7 2 7  
7 2 7  
7 2 8  
7 3 0  
7 3 2  
7 3 6  
74 1 
7 4 5  
7 5 1  
7 5 6 
7 6 1  
7 6 5  
7 6 9  
7 7 3  
7 7 6 
7 7 8  
7 79 
7 79 
7 7 9  
5 1 2  3 4 3  
5 1 1 3 4 3  
5 1 1 346  
5 1 4  3 5 4  
5 1 9  '36 7  
5 2 7  3 8 5  
5 3 8  4 (' 8  
5 5 1  4 3 5  
5 6 6  4 6 5  
5 8 2  49 7 
5 9 8  5 3 0  
6 1 5 5 6 3  
6 3 ]  5 9 4  
6 4 6  � 2 3  
6 5 9  648  
6 7 1 6 7 0  
6 8 0  6 8 9  
6 8 7  70 3 
69 2 7 1 4  
6 9 5  72 1 
6 9 6  72 5 
2 1 6  1 2  5 6 4  2 7  8 1 0 1 - 8  - 2 7  
A 
2 1 8  1 3 1  7 4  4 1  2 6  2 2  2 3  2 2  1 4  - 6  
2 2 7  1 4 6  9 6  7 0  6 2  6 3  6 7  6 8  5 8  3 3  
2 4 2 1 7 0 1 3 1  1 1 5  1 1 6 1 2  5 1 3 3 1 3 5  1 2 3  9 1  
2 6 6  2 0 6  1 7 9 1 7 7  1 8 9 2 0 7  2 2 1  2 2 4  2 0 8  1 6 7  
2 9 7  2 5 2  2 4 1  2 5 4 2 8 1 3 1 0  3 3 1  3 3 4  3 1 3  2 6 2  
3 3 5  3 0 7  3 1 5  3 4 7  3 9 1 4 3 3  4 6 2  4 6 7  4 3 9  3 7 4 
3 7 9  3 7 2 4 0 1  4 5 4 5 1 7 5 7  5 6 1 3  6 1 9  5 8 3  5 0 1  
4 2 8  4 4 2  4 9 5  5 7 1  6 5 5  7 3 1 7 8 1  7 8 8  7 4 2  6 3 9  
4 8 0  5 1 7  5 9 3  6 9 4 8 0 1  8 9 7  9 6 0  9 7 1 9 1 3  7 8 2  
5 3 3  5 9 2  6 9 2  8 1 7  9 4 7  1 0 6 3  1 1 42  1 1 5 9 1 o g 9  9 2 0  
5 8 5  66 5 7 8 7  9 3 3  1 0 8 4  1 2 1 7  1 3 1 1  1 3 3 8  1 2 5 9 1 0 3 5  
6 3 4  7 3 3 8 7 4  1 0 3 7  1 2 0 2  1 3 4 7  1 44 8  1 4 7 8  1 4 0 0  
I=" 
6 7 8  7 9 3 949  1 1 2 4  1 2 9 6  1 4 4 1  1 5 3 0  1 5 3 1  1 4 00  1 0 8 9  
7 1  7 8 4 6  1 0 1 2  1 1 9 5  1 3 6 8  1 5 0 7  1 5 8 1 1 5 5 7  1 4 0 0  1 0 7 8  
7 5 1  8 9 0  1 0 6 5  1 2 5 2 1 4 2 4  1 5 5 5  1 6 1 6  1 5 74  1 4 0 0  1 0 6 7  
7 7 9 9 2 7  1 1 08 1 2 9 7  1 4 6 8  1 5 9 2  1 6 42  1 5 8 7  1 4 0 0  1 0 5 6  
8 0 2  9 5 6  1 1 4 3  1 3 34 1 5 0 3  1 6 2 2  1 6 6 3  1 5 9 8  1 4 0 0  1 0 4 5  
8 1 9 9 7 9  1 1 6 9  1 36 2  1 5 3 0  1 64 6  1 6 8 1  1 60 7  1 4 0 0  1 0 3 4  
8 3 0 9 9 6  1 1 8 9  1 3 8 3  1 5 5 1  1 6 6 4  1 6 9 5  1 6 1 5  1 4 00 1 02 3  
-6 4  - 1 2 5  - 2 1 6  - 3 4 3  - 5 1 2  - 7 2 9 - 1 00 0 - 1 3 3 1  
H H
1 
- 1 3 3 1  
-4 6 - 1 1 2  - 2 0 7  - 3 3 8  - 5 1 0  - 7 2 8 - l 00 J- 1 3 3 1  
- 1 3  - 8 6  - 1 8 9 - 3 2 7  - 5 0 5 - 7 2 7 - 1 00 - 1 3 3 0  
3 5  
1 0 0 
1 8 0  
2 7 3  
3 7 7  
4 8 7  
5 9 6  
6 9 4  
7 6 6  







- 4 7  - 1 6 2 - 3 1 1  - 4 9 7  
3 - 1 2 6 - 2 8 8  -4 8 6 - 7 2 2 - l OO d- 1 3 2 4  
6 5  
1 3 7  
2 1 6  
2 9 8  
3 7 4  
4 3 9  
4 8 2  







- 8 1 - 2 6 0  - 4 7 2  - 7 1 8 - l O O ci- 1 3 2 1  
- 3 0  - 2 2 8  -4 5 6  - 7 1 3 - 1 00! 1 3 1 8  
2 4  - 1 9 4 - 4 3 9  - 7 0 7 - 1 00 1 3 1 5  
7 9  - 1 6 1  - 4 2 3 - 7 0 3 - 1 0 0 0  1 3 1 2  
1 2 9  - 1 3 3  - 4 1 0  - 6 9 9 - 1 00 0  1 3 0 9  
1 68 - 1 1 2  - 4 0 1 - 6 9 7 - 1 00 0  1 3 0 6  
1 9 2 - 1 0 2  - 3 9 8  - 69 8 - 1 0 0 0  1 30 3  
1 3 00  1 
G G 
2 0 0  - 1 00 - 4 0 0  - 7 0 0 - 1 00 0 - 1 3 0 0  
0 0 0 0 0 D 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
0 0 0 0 0 0 
1 0 1 2  1 
E £ 
0 0 0 0 0 0 0 0 
8 3 7  1 0 0 5  1 2 0 0  1 39 5  1 5 6 3  1 6 7 5  1 7 04 1 6 2 1  1 4 0 0  1 0 2 3 0 0 0 0 0 0 0 0 
Figure 34,. Stress Function, p ,  For Pure Bending 
Plate D 
'° 
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Figure 35 .. Stress , C7' ,  For Pure Bending 
Plate D 
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APPENDIX B 
THE FULL PLATE COMPUTER PROGRAMS 
AND 
FLOW DIAGRAMS 
THE RALF PLA'l1E COMPUTER PROGRAMS 
P A SS ON E OF T H E  F U L L  P L A T E  PROB L E M  
C A F OR T R A N  I I  P R OGR A M FOR  SA T I SF Y I NG T H E 
106 
C B I HA RMO N I C  MOL ECUL E A ND C OMPU T I N G S I GX ,  S I GY AND  
C T X Y  AS A PP L I E D  TO A R E C TA NGUL AR L Y N O T C H E D  
C PL A T E  SUBJE C T TO  VAR I OUS B OUN DA R Y C O N D I T I ONS . 
1 F OR M A T ( 1 0 I 3 ) 
2 F O R M A T ( l 3 ! 3 ) 
1 7  FORMAT ( l l l 3 )  
3 FORMAT ( 8 F l 0 . 4 / 5 F l 0 . 4 ) 
4 FORMAT  < F l 0 . 4 , F l 0 . 4 ) 
5 F O R M AT ( 8 F l Q . 4 / 3 F l 0 • 4 , I 3 > 
1 6  FORMAT  ( 8 F l O e 4 / 5 F l 0 . 4 , I 3 )  
D I ME N S I ON F � 2 3 , 1 3 ) , S I G X ( 2 3 t l 3 )  
D I ME N S I ON S I G Y C 2 3 , 1 3 ) , T X Y < 2 3 , 1 3 > 
D I M ENS I ON M < 2 5 ) , N < 2 5 ) 
C C L EA R  T H E  A R R A Y S  
6 D O  7 I = l , 2 3  
DO 7 J = l , 1 3 
C .F E QU A L S  S T R E S S  F UNC T I ON A T  NOD A L  PO I N T S  
1 F <  r . J > = o . o  
C R E A D  L I M I T S  O N  B I HA R MON I C  AND  S T R E S S  S W E E P S  
R E AD 2 , M l , M 2 , N l , N2 , M6 , N 3 , M8 , N8 , M9 , N9 , M 2 1 , M2 2 , N l 8  
R E AD l , M l l , M l 2 , M l 3 , M l 4 , M l 5 , M l 6 , M l 7 , M l 8 , M l 9 , M2 0  
R E AD 1 7 , M4 , M 5 , N4 , N 5 , N i l , N l 2 , N l 3 , N l 4 , N l 5 , N l 6 , N l 7  
C R E A D  F I R S T  APP R O X I MA T I ONS { F )  
8 RE A D 3 , C ( F C I , J ) , J= l , N3 ) , I = l , M 6 ) 
I C RD = - 1 
C S T AR T  AN I T E R A T I ON - SW E E P  T HE B I HARMO N I C  MOL ECUL E 
C T E ST  EQUAL S LA R GEST  E R R OR VA L U E  
C DC T EQU A L S  L A R G E ST  E R ROR  VALUE D E C I MAL  
1 0  N6 =0 
1 1  DC T = O . O 
1 2  T E ST = o . o  
C E L E M  EQUA L S  COMPUT ED F VA L UES  A T  NODAL P O I N T S  
1 3  D O  2 9  l = M l , M2 
DO 2 9  J = N l , N2 
1 5 E L E M= < 8 . * ( F < I + l , J ) + F < I , J+ l ) + F ( I - 1 , J ) +F < I , J- 1 > >  
C -2 . * < F < I + l , J + l ) + F C I + l , J - l ) +F C I - l , J + l ) + F < I - l , J- l } )  
C - l e * < F < I , J + 2 ) + F < I + 2 , J ) + F ( I , J-2 ) + F < I - 2 , J ) ) ) / 2 0 . 
C CH E C K  E RR OR . E C K  M EAN S E R ROR  CHE C K  
EC K= ABS F < F < I , J ) -E L E M ) 
I F C E C K- T ES T > 2 5 , 2 3 , 2 3 
< CON T I NU E D > 
2 3 TEST=ECI(  
C DEC K  MEANS DEC I MAL CHECK  
25  DECK = ABSF < ECK / E L E M ) 
I· F < O ECk-DC T ) 2 9 , 2 7 , 2 7 
2 7  DC T = DECK  
2 9  F ( I , J ) =ELEM  
C END  OF  ONE NODA � PO I N T I T ERAT I ON 
3 1  CON T I N UE 
PR I N T 4 , T ES T t DC T  
3 3  CON T I NUE 
I F ( N 6-l ) 3 4 , 37 , 7 1  
3 4  M l =M l+M l l  
M2 = M 2 +M l 2  
Nl =N l+M l 8  
N2 = N 2+M l 3  
3 5  N6= N6+ 1 
GO T O  1 1  
3 7  M l =M l+ M l 4  
M2 =M2+M l 5  
N l =N l+M l 9  
N2 =N 2 +M2 0  
N6= N 6+ 1 
GO T O  1 1  
7 1  M l =M l +M l 6  
M2=M2+ M l 7  
N l =N l+M2 1 
N2=N 2 +M22  
I F < SE NSE SW I TCH 1 ) 7 3 , 1 0 
7 3  PUNCH  1 6 , ( C F ( I , J ) , J = l t N 3 ) , I CRD , I = l , M6 ) 
I F  ( S 5NSE  SW I T C H  2 ) 7 5 , 1 0 
7 5  CON T I NUE  
DO  7 7  I = l , M6 
DO 7 7  J = l , N 3  
S I GY C l , J ) =O e O  
T X Y < I , J ) = O . O  
7 7  S I GX C I , J > =O • O  
N 7 =0 
C SWEE P  THE  STRESS  MOL ECU L E S  
7 9 D O  8 1  I =M4 , M 5 
DO 8 1  J=N 4 t N 5  
S I GX ( l , J ) = ( F < I , J- l ) +F < I , J+ l ) -2 . * F ( I , � ) ) / 30 • 
S I GY ( l , J ) = ( F ( I - l , J ) +F ( I + l , J ) -2 . * F < l • J )  ) / 30 . 
8 1  TXY < I , J > = < F < I • l , J· l ) +F ( l + l , J + l ) -F ( I + l , J- 1 ) 
C F < I - l , J+ l ) ) / 1 2 0 •  
8 2  CON T I NUE 
< CONT I NUED ) 
107 
I F  ( N 7 � 1 ) 9 5 t l 0 5 t l l 5  
9 5  M4=M4+N l i  
M 5 =M 5 +N l 2  
N4= N4+N l 6  
N 5 =N 5+N l 3  
N7 =N 7 + 1 
GO TO 79 
1 0 5 M4=M4+N 14  
M 5 = M 5+'N l 5  
N4=t-•1 "4+·N 1 7  
N 5 = N 5 4-N l 8  
, N7 =N 7 + 1 
Go iO 79 
1 1 5  PUNC H  5 ,  ( ( S I GX ( I , J ) , J = N 8 , N9 ) , I CR D , I =M 8 , M9 ) 
PAUSE 
P�NCH 5 ,  ( ( S I GY < I , J ) , J = N 8 , N9 ) , I C RD , I =M8 , M9 ) 
PAUSE  
PUNCH  5 ,  ( ( T XY < I , J ) , J = N 8 , N9 ) , I CR D , I = M8 t M9 ) 
M4 = 2  
M5 =a  
N4= 2 
N 5 = 1 2  
GO T O  1 0  
END  
P ASS TWO  OF  T H E  F ULL  PLAT E P R OBL EM 
1 FORMA T  ( 8 F l 0 e 4/ 3 F l 0 • 4 > · 
3 FORMA T ( 8 F l O e 4/ 3 F l 0 . 4 , 1 3 )  
5 FORMAT ( 1 4 1 3 )  
D I ME NS I ON S I GX ( 2 1 , 1 1 ) , S I G Y ( 2 1 , 1 1 ) , T X Y ( 2 1 , l l ) 
D I ME N S I ON S I GP 1 ( 2 1 , 1 1 ) , S I GP2 ( 2 1 , l l ) t ANGL < 2 1 , l l ) 
D I ME N S I ON M ( l 5 ) , N ( 1 5 ) , B I G ( 2 1 , 1 1 )  
108 
6 R E AD 5 , N l , M l , M4 , M 5 , N4 , N 5 , M 8 , M9 , M l O t M l l , N8 , N9 t N 1 0 , N l l  
7 READ l ,  ( C S I GX < I , J ) , J = l , N l ) , I = l , M l ) 
9 READ  1 ,  < < S I GY ( l ; J ) , J= l , N l ) , I = l , M l ) 
1 1  R EAD 1 ,  ( ( T XY < I , J ) , J = l , N l > , I = l , M l ) 
I C RD= - 1  
1 3  DO 1 5  I = l t M l  
DO 1 5  J = l , N l 
S I GP l < I , J ) =O • O 
( CONT I NU ED ) 
ANGL C l , J ) =O • O  
B I G < I , J ) =o . o  
1 5  S I GP2 ( I , J ) =O • O 
N 7 = 0  
1 7  DO  2 0 I =M4 , M 5 
1 09 
DO 2 0  J= N4 , N 5  
ANGL ( J , j ) =ATANF f �T XY < I , J ) *2 • / ( S I GX ( l • J ) 
C -S I GY ( I , J ) ) ) * 2 8 . 6 48 
DcSQR T F ( ( ( S I GX < I , J > -S I GY , I , J ) ) l 2 . ) **2+TXY C I , J ) **2 )  
SP = C S I G X < l , J ) +S l GY C l , J ) ) / 2 .  
, S I GP l ( 1 t J ) = SP+D  
S I GP2 ( I , J ·) =SP-D 
I F l ABSF ( S l GP i t I , J > > -ABS F ( S I GP 2 t l , J ) l ) 3 1 , 32 , l9  
G B I G  I S THE LARGEST NUMER I CAL  VALUE O F  P l  AND  
C P 2  AT  ANY  ON E NODAL PO I N i 
3 1  B I G ( I , J > =S I GP 2 < I , J ) 
GO T O  2 0  
32 B I G < I , J ) =S I GP l ( I , J )  
GO TO 2 0  
1 9  B I G C I , J ) =S I GP l C I , J )  
2 0  N 1 2= 0 · 
2 1  CON T  I N U  E ·· 
I F ( N 7 .... 1 ) 2 3 , 2 5 , 2 7 
2 3  M4=M4+M8 
M 5 = M 5 +M9 
N4=N't+M l 0  
N 5 =N 5 +M l l  
N7=N7+ 1 
GO lo  1 7  
2 5  M4=M44N8 
M5 =M5+N 9  
N4=N4+N l 0  
N 5 =N5+N l l  
N7=N 7+ 1 
GO TO 1 7  
2 7  PUNCH 3 ,  ( < ANGL ( I , J ) , J = l , N l ) , I CRD , I = l • M l ) 
PAUSE  
PUNCH 3 , ( C S I GP l ( I t J ) , J = l , N l ) , I CRD , I = l , M l ) 
PAUSE 
PUNCH 3 ,  ( C S I GP 2 < I , J ) , J = l , N l ) , I C RD t l = l , M l ) 
PAUSE  
PUNCH  3 ,  ( ( B I G < I , J ) , J = l , N l ) , I CRD t l * l t M l ) 
E N D  
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PASS ONE OF THE  HAbF  PLAT E PROB EM 
C A FOR T R AN I I  PROGRAM FOR SAT I SF Y I NG T H E  
C B I HAR MON I C  MOL E CUL E  A ND COMPUT I N G  S I GX , S I GY  
C AND T X Y  AS APP L I ED  TO  A R ECTANGULARLY N OTCHED 
C PLA T E  SUBJECT  TO VAR I OUS BOUNDAR Y  COND I T I ONS . 
1 FORMAT < 8 1 3 ) 
2 FORMAT < l O I 3 ) 
3, FORMAT < 1 2 F6 . 0 / 1 1 F6 . 0 )  
4 FORMAT < F l 0 . 4 , F l 0 • 4 )  
5 FORMAT ( l l F6 . 2 / 1 0 F6 . 2 , 1 2 )  
1 6  FORM AT <· i 2 F 6 • 0 / 1 l F 6 • 0 ,  I 3 ) 
D I MENS I ON F t 2 3 t 2 3 ) t SUBST ( 2 3 , 2 3 ) 
D I MENS I ON M C- 2 0 ) , N ( l S )  
C CL EAR  T H E  A RRAYS 
6 D O  7 I = l t 2 3  
DO 7 · J = l , 2 3  
C F E QUA LS S T RESS FUNCT I ON A T  N ODA�  PO I N T S  
7 F ( I , J ) = O . O 
C READ  L I M I TS ON B I HARMON I C AND S T R ESS S WEEPS  
RE'AD 2 , M l tM2 , N l , N2 , M6 , N 3 t M8 , N 8 , M9 t N 9 
RE A D  l , M'l l , M 1 2  t M 1 3 ,  M 1 4 ,  M 1 5  ; M 1 6 , M l  7 t M 1 8  
R E AD l , M4 , M 5 , N4 , N 5 , N l l , N 1 2 , N 1 3 , N l 4  
C READ  F I RST  APPROX I MAT I ONS C F )  
8 R E A D  3 ,  « F C I , J ) , J= l , N 3 h l = l , M 6 > 
I C R D = - 1 
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C ST A R T  AN  I T ERAT I ON - SWEEP  THE  B I HARMON I C MO�ECUL E 
C T EST  EQUALS LARGEST ER ROR VALUE 
C DC T EQUALS LARGEST ERROR VALUE D E C I MAL 
10  N6 =. l  
1 2  i E S T  = 0 . 0 
C E L E M  EQUALS COMP U T E D  F VALUES A T  NODA� P O I NT S  
DC T = O •  0 
1 3 DO 2 9  I = M l , M 2 
DO 2 9  J = N l t N 2  
1 5 ELEM: ( 8 e * ( F ( I + l ; J ) +F ( I , J+ l ) +F ( I  l t J ) +F < I � J- 1 ) )  
C-2 • * < F C I + l t J + l ) +F < I + l , J- l ) +F C I 1 , J+ l ) + F C I - 1 , J- l ) )  
C - l . * ( F C I , J+ 2 ) + F ( I +2 , J ) +F C l , J-2 ) + F < I - 2 , J ) ) ) / 2 0 •  
C CHE C K  E RROR • ECK  MEANS  ERROR CHECK 
E C K = A B S F ( F ( l , J ) - E L E M ) 
I F C EC K- T ES T ) 2 5 , 2 3 , 2 3  
2 3  T EST= E CK 
C DEC K MEANS  DEC I MAL CHEC K  
2 5  DEC K=ABSF ( ECK/ ELEM ) 
< CONT I NUED ) 
I � ( DECK•DCT ) 2� t 2 7 t 2 7  
2 7  DC T= D E C K  
2 9  F ( I t  J )  = E L EM · 
C E ND  OF  ON E NODA b PO I N T I T E RAT I ON 
I F ( SENSE SW I TCH 3 ) 3 2 , 3 3  
3 2  PR I N T  4 , T EST , DC T  
3 3  I F < N 6-1 ) 3 7 , 34 , 3 7 
3 4  M l =M l+M l l  
M 2 =M 2+M l 2  
N l =N l+M l 8 
, N 2 =N2+M l 3  
3 5  N 6 = N c + l  
G O  T O  1 2  
3 7  M l =M l+M l 4  
M2 =M2 +M l 5  
N l =N l +M l 6  
N 2 = N 2 +M l 7  
I F C S E N S E  SW I TCH 1 ) 7 3 , 1 0 
7 3  PUNCH 1 6 , < < F < I , J ) � J = l t N 3 ) , I C RD , I = l t M6 ) 
I F  ( S ENS E  SW I TCH  2 ) 7 5 , 1 0 
7 5  DO 7 7  I = l t M6 
DO 7 7  J= l , N 3 · 
77 SU BST < I , J ) = O . o  
N '7 = 1 
C SWE E P  THE  S T R ESS  MOL E CULES 
79  DO 8 1  I = M4 , M 5 
DO 8 1  J= N4 t N 5 
C SU BST  I S · AC TUALLY  S I GX 
8 1  SUBST ( I , J ) = ( F < I , J-l ) +F ( I • J+ l ) - 2 . *F ( l ; J ) ) / 6 0 . 
I F < N 7-- 1 ) 8 5 , 8 3 , 8 5 
8 3  M4=M4+N l l  
M5 =M5 +N l 2  
N4 =N4+N l 4  
N 5 =N 5 +N l 3 
N 7 = N 7 + 1  
GO t o  79  
85  PUN CH 5 ,  ( ( SUBST < I , J ) , J =N8 , N 9 ) , I CRD , I = M 8 t M9 ) 
M4=M4-N l l  
M 5 =M 5-N l 2 
N4=N4- N l 4  
N 5 = N 5-N l 3  
N7= 1 
8 7  DO 8 9  l =M4 , M 5 
DO 8 9  J =N4 , N 5 
C SU BST I S  AC TUALLY  S I GY 
( CON T I NUED ) 
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8 9 SUBST < I , J ) = ( F ( I - 1 , J ) + F ( I + l , J ) -2 . * F ( I , J ) J / 60 • 
I F < N 7- 1 ) 9 3 , 9 1 , 9 3 
9 1  M4= M4+N l l  
M 5 = M 5 + N l 2  
N4=N4+N l 4  
N 5 = N 5 + N l 3  
N7=N 7+ 1 
GO T O  8 7  
9 3  P UNCH  5 ,  ( ( SUBS T ( I , J ) , J =N 8 • N 9 ) , I C R D , I = M 8 , M9 )  
M4=M4-N l l  
M 5 =M 5-N l 2  
' N4= N 4-N l 4 
N 5 =N 5 -N l 3  
N7= 1 
9 5  DO 9 7  l =M4 , M5 
DO 9 7  J = N 4 , N 5  
C SU BST  I S  A C T UA L L Y  T XY 
9 7 SU B S T < I , J ) = ( F ( I - l , J- l ) +F < I + l , J+ I > - F < l + l , J- 1 ) 
C -F < I - l , J+ l ) ) / 2 40 • 
I F ( N 7- 1 ) 1 O 1 , 9 9 , 1 0 1  
9 9  M4 =M 4+N l l  
M 5 =M 5 +N l 2  
N4=N 4+ N l 4  
N 5 = N 5+N l 3  
N7=N 7+ l 
GO T O  9 5  
1 0 1 PUNCH  5 ,  < < SUBS T < I , J ) , J = N 8 , N9 ) , I C R D , I =M 8 , M9 ) 
M4=M4-N l l  
M5 =M 5-N l 2 
N4=N 4-N i 4  
N S =N 5 -N l 3  
GO T O  1 0  
E N D  
PASS TWO OF  THE  HALF  P L AT E  P ROBL E M 
l FORM A T < l l F6 e 2 / l O F 6 • 2 > 
2 FORMAT ( l l F 6 • 1 / l 0 F 6 . l , I 2 ) 
3 F0R M A T ( l l F6 . 2 / 1 0 F6 . 2 , I 2 )  
5 FORMA T ( l 0 I 3 > 
D I MEN S I ON S I GX ( l l , 2 1 > , S I G Y ( l l , 2 1 ) , T XY ( l l , 2 1 ) 
D I MEN S I ON S I GP l < l l , 2 1 ) , S l GP 2 < 1 1 , 2 1 ) , ANGL < l l , 2 1 ) 
( C ONT I NlJ ED ) 
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D I ME N S I ON M < l 2 )' , N ( l 0 > , B I G < l l , 2 1 >  
6 R E AD 5 , N l t M l , M 4 , M 5 t N4 , N 5 , M 8 , M9 , M l O t M l l 
7 R EAD l ,  ( ( S I G X < I , J ) , J = l , N l ) , I = l , M l ) 
9 R E AD 1 ,  < < S I GY ( ! , J ) , J = l , N l ) , I = l , M l > 
1 1  R EAD  l ,  « T XY < I , J > , J = l , N l ) , l = l , M l )  
I C RD = - 1 
1 3  DO  1 5  I = l , M l  
D O  1 5  J = l , N l 
S I GP l < I , J ) = O • O  
A N GL < l , J ) =O • O  
B I G ( I t J ) = o . o 
1 5  S I GP 2 < I , J ) = O • O  
N7 = 1  
1 7  DO 2 0  I = M4 , M 5  
DO 2 0  J = N4 , N 5  
A NGL < I , J ) =A T ANF < - T XY C I , J ) *2 • / ( S I GX ( I , J )  
C S I GY ( I , J ) ) ) * 2 8 . 6 4 8  
11 
D: SQR T F < < < S I G X < I , J ) -S I G Y < I , J )  ) / 2 . ) ** 2 + T XY < I , J ) **2 ) 
SP = < S I G X < I , J ) +S I GY < I , J )  ) / 2 .  
S I GP l ( I , J ) = SP+D  
S I GP 2 < I , J ) = S P - D  
I F ( A �S F < S I G P l ( I , J ) ) -AB S F ( S I GP 2 ( 1 , J ) ) ) 3 1 t 3 2 , 1 9 
C B I G I S  T H E  LARGE S T  NUM E R I CAL VA L U E  O F  P l  
C A N D  P 2  AT . A N Y  ON E NODAL PO I N T 
3 1  B I G < I , J ) = S I GP 2 ( I , J ) 
GO  T O  2 0  
3 2  B I G < I , J ) =S I G P l < I , J )  
GO  TO  2 0 
1 9  B I G < I , J ) = S I �P l < I , J )  
2 0  N l O = O 
2 1  CON T I N U E  
I F C N 7- l l 2 7 , 2 3 , 2 7  
2 3  M4 = M 4+M8  
M 5 =M S + M 9  
N4=N4+M l 0  
N 5 =N 5 + M l l  
N7 = N 7+ 1 
GO T O  1 7  
2 7  PUN C H  2 ,  ( ( A N G L < I , J ) , J = l , N l ) , I C R D , I = l , M l ) 
PA U S E  
PUN C H  3 ,  C ( S I G P l ( I , J ) , J = l , N l ) , I C R D , I = l , M l ) 
P AU S E  
PUN C H  3 ,  C ( S I G P 2 < I , J ) , J = l , N l ) , I C R D , I = l , M l ) 
P A U S E  
P U N C H  3 ,  ( ( B I G ( I , J ) , J = l , N l ) , I C R D , I = l , M l ) 
GO  TO  6 
E N D  
APPENDIX C 
EXAMPLE FINITE DIFFERENCE MOLECULE DERIVATIONS 
11 8 
AMPLE FINITE DIFFERENCE MOLECULE DERIV TIO S 
This section illustrates the method of converting partial dif­
ferential equations to finite difference operator molecules. The 
derivations presented her follow those of imoshenko and Goodier.
1 8  
The partial surface of a tbin plate, en. as sho n in Figure 
'+o, i repl cad by a mesh system of discrete nod 1 points. The nodal 
points are spaced an equal. distance "h" in directions p rpendicular 
to the and Y es. The posit- v str ss function values are shown 
as ordinates originating at, and perpendicular to, the surf c of the 
plat . Wh n connected by smooth curve at the top, the stress func-
tion values form a smooth surface above the plane of the plate. 
A 








Fig ur 4o. 
4 0 
SEC. A - A  
ample e s  System 
. 18s. Timoshenko and J. N. Goodier, Theo;:2 of astici�, Second 
Edition, McGra -Hill Book Company, Inc � ,  ew York, 1951, P• 1. 
or 
lcul ion o th ir t di r nc , th 
Th eq tion i diat ly abov can b r plac d 
nee o r o ol oul : 
o> <;/J  ,v l = -
c) 2h 
11 9 
th finit d ff r-
Th a proxi ate value of th con ffer no c be c lcu-
l t d a 
oond d u tion o n  b r r s  ed by th init differ-
nee o r to moleeul : 
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Operator molecules can be derived for expressions of a hig her order 




¢ = the stress function. 
x = a variable distance along the X-axis. 
y = a variable distance al.ong the Y-axis. 
s = a variable distance along the Y-axis. 
h = the spacing dim nsion for a square mesh. 
T, R and W = variable distances parallel to the Y-axis. 





stress p allel to the Y-axis. 
a shear couple at a point. 
O' - a normal�zed er-- • 
X 
er- = a normalized C7' • 
X 
� = a calculated C7' • 
X 
Cl' = major principal stress. 1 




= maximum principal stress. 
0 = the angular orientation of principal stress planes with respect 
to the X-axis. 
C = a constant of integration. 
K = a constant. 
